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Preface

Algebra is the lingua franca of the mathematical sciences and the purpose of this little book is to explain what it is about. The laws governing algebra emerge from the behaviour of numbers, and one of our themes is how many of the rules and practices of arithmetic and algebra are consequences of a small collection of fundamental laws that represent familiar properties of ordinary integers.

The first half of the book establishes much of the algebra that has been a staple of secondary school mathematics for generations, which is based on finding unknowns in linear and quadratic equations, and this the reader meets in the first four chapters. Modern algebra was born out of the struggle to solve equations of degree higher than 2, and the first part of the book culminates in Chapter 5 with finding solutions of general cubic equations, the roots of which are not necessarily just simple fractions but may involve so-called irrational and complex numbers.

The second half of the book introduces modern aspects of the subject and we look at algebra that is not based on the general behaviour of numbers but involves other kinds of mathematical objects. The topic of Chapter 6 is the arithmetic of remainders, which furnishes examples of a fundamental algebra type with two operations, namely that of a ring. Matrices are the central feature of Chapters 7, 8, and 9. The origin of matrices may be traced back thousands of years to ancient China but the topic only gained traction in the middle of the 19th century, from which point it has grown to become the primary vehicle for calculation throughout mathematics, physics, and the social sciences. The historical significance of matrix theory in pure mathematics, however, is that it provided an important example of another type of algebra apart from number fields. The final chapter introduces vector spaces and finite fields.

Many aspects of algebra are touched upon in the course of the book and every piece matters. My hope is that readers will see the parts of the jigsaw come together as they move through the book and thereby gain an appreciation of algebra as a whole. Modern abstract algebra is firmly based on what are known as groups, rings, fields, and vector spaces. The reader is made aware of these constructs through examples that emerge in the development of the text. Only after that are these ideas introduced in a more formal fashion. The intention is that the reader will be left with both an overview of elementary mathematics and a taste for and an insight into contemporary aspects of the vast world of algebra.

Peter M. Higgins,

Colchester, 2015
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Chapter 1
 Numbers and algebra
 The backstory of algebra
 In our schooldays, the arrival of x and y on the scene represented the point where mathematics went beyond mere arithmetic and, by acquiring a language all of its own, entered a higher realm. By passing through the portal of algebra, the subject develops surprising power, showing us things that could not be discovered in any other way. Modern science is based on mathematics, which comes about through algebraic manipulation of symbols representing quantities of interest. Algebra is the tool through which exact physical relationships are revealed, including that most famous of equations, E = mc2, along with a host of others. Equations like this one, which arises in Einstein’s theory of special relativity, are consequences of physical models based on experiment. Nonetheless, the relationship itself is arrived at through algebra, and it is the undoubted soundness of the underlying algebra that gives authority to the momentous conclusion that energy and mass are one and the same thing. Algebra underpins all modern systematic research. Although its contribution may be embedded in scientific software, without algebra, progress would be impossible.


The word ‘algebra’ is derived from the Arabic word al-gebr, meaning reunion of broken parts. During the 11th century, it was perhaps the Islamic world that represented the most mathematically sophisticated civilization. However, there was no algebraic manipulation of the kind seen in modern texts, and medieval mathematical writing throughout the world of Marco Polo was rhetorical, with everything being described in words. Algebra of a kind that we might recognize did not appear until the 17th century. The scarcity of paper may have held back the spontaneous development of mathematical symbology, but it should be appreciated also that ancient scholars faced obstacles that obscured the underlying mathematical landscape of arithmetic.


When we carry out algebraic manipulation we introduce arbitrary symbols, x and y being the most common, which stand for fixed but unspecified numbers, and these symbols are manipulated according to the laws of arithmetic. The argument underpinning all we do is that, no matter what the numbers x and y may be, the relationships that emerge from our manipulations are true as they are consequences of our initial assumptions and of rules that apply to all numbers, independently of their particular values. The use of algebraic symbols to stand for unknown quantities is a convenient abbreviation, and although that brevity certainly facilitates reasoning, the real power of algebra stems from the universality of interpretation that the symbols afford, which allows them be wielded in a powerful manner that cannot be matched by words alone.


In order to realize the potential of algebra, we need to be able to move our symbols about in an uninhibited fashion, making free use of the operations of arithmetic, particularly the fundamental pairs of operations: addition and subtraction, multiplication and division. For that we need a number system fit for purpose. If, for example, we reject negative quantities as meaningless or, more fundamentally still, we fail to treat zero as a number, we will be handicapped and deny ourselves the freedom that algebra offers to explore the world of unknown quantities. A cloud of confusion needed to be dissipated before the existence of the algebraic world that we take for granted could even be glimpsed, never mind properly understood and developed.


Great minds of the past would have been stunned at the ease with which a modern student can use algebra to completely solve problems that they found impossible and perhaps even had difficulty formulating with any clarity. For example, school algebra is enough to prove that the square root of a whole number, for example 

[image: image] or 

[image: image], either is another whole number or is not a fraction at all. The ancient Greek scholars put great effort into this question and used their geometric methods to show that some particular square roots up to 

[image: image] were not fractions. The general problem, however, defeated them, yet this and many others beyond the reach of the ancients can be completely understood by the reader of an OUP Very Short Introduction, as you shall see.


  The number system
 In order to harness the power of algebra we need a number system that meets its demands. Part of those demands is the freedom to perform the four basic arithmetic operations with symbols standing for arbitrary or unknown numbers. However, the collection of ordinary counting numbers has shortcomings in this regard. The numbers that arise through counting, 1, 2, 3, … are known as the natural numbers because they emerge more or less of their own accord once we begin to tally things up. This set of numbers is denoted by ℕ, and ℕ is closed under the operations of addition and multiplication, meaning that if we begin with two natural numbers we may add or multiply them together and the answer is always another natural number. Subtraction, however, is a different story. Subtraction is the taking away of one number from another and is the reverse or, as mathematicians prefer to say, the inverse operation to addition. Applying subtraction in sums such as 3 − 5 where the second number is larger that the first takes us out of ℕ and into the realm of the negative integers, as they are called. When this kind of difficulty arises, we do not give up but rather adopt the attitude that our number system is currently inadequate and should be extended to allow continuation of our calculations.


The standard model of numbers that pervades all of advanced mathematics and engineering is the field of so-called complex numbers, denoted by ℂ. The journey from ℕ all the way to ℂ was long and was not truly completed until the 19th century. Prior to that there was much philosophical agonizing as to the reality, meaning, and validity of numbers other than the natural numbers. We shall, however, introduce the required number types without hesitation.


Having said this, we begin by adjoining to ℕ the number zero, denoted by 0, which may be added to or subtracted from any number without changing its value. It must be conceded that 0 is not a member of the positive integers, as the natural numbers are sometimes called, but 0 is a number nonetheless and will need to find its place in our system of arithmetic. We next introduce a negative mirror image for each positive number; for instance, −6 is the negative partner for 6.


Although not necessary for the development of the subject, it is often easiest to picture and explain the behaviour of numbers by imagining them sitting along the number line. This is a horizontal line with the integers placed at equally spaced points along its length. We place 0 in the middle, the positive integers marching off to the right in their natural ascending order and the negatives occupying the mirror positions to the left of zero.


The collection of all integers, as this set is called, positive, negative, and zero, is represented by the symbol ℤ, while ℚ stands for the collection of rational numbers, which comprise all fractions together with their negatives. The set ℤ lies within ℚ, as an integer n is equal to the rational number n/1. (We say that ℤ is a subset of ℚ, and, in like manner, ℕ is a subset of ℤ.) However, two rational numbers such as 3/9 and 7/21 are considered to be equal as they both cancel down to the same fraction, in this case 1/3. Any positive rational number has a unique representation as a fraction cancelled to lowest terms, a/b, where a and b have no common factor other than 1. The rational numbers too may be pictured as lying along the number line in their natural order, densely and uniformly spread throughout its length.


To add a positive number n to another number m (positive or not), we begin at m and move n places to the right on the number line, while to subtract n we move n places to the left. In the set ℤ, each number n has an opposite, −n, and we now use this feature to define addition of negatives in terms of subtraction. We declare that subtraction of any number n is to mean the same thing as the adding of its opposite, −n, so that adding a negative number −n moves us n places to the left on the number line. It follows that to subtract a negative number −n, we add its opposite, n. In other words, to subtract the negative number −n we move n places to the right on the number line.


This way of looking at things leads to familiar sums such as


(−1) + 4 = 3, 6 + (−11) = −5, (−8) + 6 = −2, 1 − (−9) = 1 + 9 = 10,


as pictured in Figure 1.


The brackets around −1 and other negatives here are not strictly necessary but are introduced to avoid either beginning a string with an operation symbol or a clash of two operation symbols, for instance + and −. The need to do this comes about because we have loaded the minus symbol with two slightly different meanings: the minus sign is used both to indicate the taking of the opposite of an integer, which is an operation on a single number, and also to stand for subtraction, which is an operation on two numbers taken in a particular order.




[image: image]1. Addition and subtraction on the number line.




Up to this point, we have not invoked anything that you might call a Law of Algebra to explain how our arithmetic works. The justification for our rules depends, rather, on extending the idea of subtraction to the entire collection of integers, which has been ordered in a natural linear fashion. In Chapter 2, we explore the laws that govern arithmetic operations and explain how these rules are extended so that they continue to be respected as we pass from one number system to a greater one that subsumes the former.


  Number factorization
 Although division of one integer by another generally leads to a fractional answer that lies outside the integers, division of one whole number by another may have an integer outcome, and the nature of how and when this happens is important and finds analogues in other algebraic systems we shall meet, such as polynomials. For that reason, we now record the main features of integer division. We will begin to use both power notation (for instance, writing 2 × 2 × 2 as 23) and the ‘less than’ and ‘less than or equal to’ signs, < and ≤, respectively (for example, 4 < 7 and −3 < 2, as in each instance the first number lies to the left of the second on the number line). When it is understood that we are dealing with multiplication of numbers represented by letters such as a and b, we normally take the multiplication sign as given and so write ab or sometimes a ⋅ b instead of a × b. We tend to avoid the cumbersome × sign and sometimes write arithmetic expressions like 2 × (−3) × 4 as (2)(−3)(4).


An integer a is a factor or divisor of another integer b if b can be written as b = ac, where c is itself an integer (equally, of course, c is then also a factor of b). A prime is a positive integer such as 71 that has just two positive factors, those necessarily being 1 and the number itself. An integer exceeding 1 that is not prime is called composite, as it is composed of smaller factors. For example 72 = 8 × 9. We say that 8 is a factor of 72 or that 8 divides 72 or that 72 is a multiple of 8: we sometimes denote this relationship by 8|72, which is simply shorthand for ‘8 is a factor of 72’. Successively factorizing the divisors of a given number as far as possible will eventually yield the prime factorization of the number. In our example, 72 = 8 × 9 = 23 × 32. We could have found the prime factorization of 72 by another route by writing 72 = 6 × 12 = (2 × 3) × (4 × 3) = (2 × 3) × (2 × 2 × 3), but rearranging the prime factors from lowest to highest yields the same result as before, and we say that 23 × 32 is the prime factorization of 72. The Fundamental Theorem of Arithmetic says that the prime factorization of any natural number n (with the prime factors written in ascending order) is unique. This uniqueness can be deduced from an even more basic property of numbers, Euclid’s Lemma, which says that if a prime number p divides a product ab, so that p|ab, then p is a factor of a or a factor of b (or perhaps a factor of both). An equivalent formulation of Euclid’s Lemma is that if neither a nor b is a multiple of the prime p, then nor is their product ab. Although plausible, this property is not self-evident, and we do not prove Euclid’s Lemma here. We shall, however, explain more about why it holds later in this section. (My VSI Numbers explains in detail all the properties of integers that are taken for granted here.)


The general pattern that arises when one natural number, a, is divided by another, b, is as follows. To divide b into a, we subtract as many b’s as we can from a, q say, until the remainder r < b. In this way, we get a = bq + r. This expression is unique: there is only one value for q and one for r that make this equation true, remembering that we are insisting that 0 ≤ r ≤ b − 1. There are special cases, for instance q = 0 exactly when a < b, in which case r = a. More interestingly, r = 0 exactly when b|a, in which case a/b = q.


As a representative example, if a = 72 and b = 13 then 72 = 13 × 5 + 7, so here we have q = 5 and r = 7. This process of producing the equation a = bq + r for given a and b is known as the Division Algorithm.


One fundamental algebraic idea that we first meet in arithmetic is that of the greatest common divisor (gcd), also known as the highest common factor, of two positive integers a and b. As the name seeks to convey, the gcd of a and b is the largest number d that is a factor of both a and b; since a and b always have at least one common factor, that being the number 1, the gcd certainly exists. We call two numbers a and b relatively prime to each other if their gcd is 1. For example, 15 = 3 × 5 and 28 = 22 × 7 are relatively prime (although neither number is itself prime). The question remains, however, as to how we may compute the gcd of two given numbers.


The gcd, d, can be found through comparison of the prime factorizations of a and b, for the prime factors of d are just those common to a and b. There is, however, a better way of finding it, known as the Euclidean algorithm, which not only is quicker but also reveals other useful relationships. We shall explain the algorithm shortly, but first we draw attention to certain basic properties of common factors.


Suppose that c is any common factor of a and b, so that a = ct and b = cs, say. Then c is also a factor of any number r of the form r = ax + by, where x and y are themselves integers (which may be negative or zero). To show this we locate and ‘take out’ the common factor of c in the expression ax + by, as follows: 
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Since tx + sy is another integer, we have that c is indeed a factor of r.


An immediate consequence of (1) is that it applies to our Division Algorithm equation written in the form r = a − bq, for it tells us that any common factor of a and b is also a factor of r. By the same token, it follows from a = bq + r that any common factor of b and r is also a factor of a. Hence the set of all common factors of a and b is the same as the set of all common factors of b and r and, in particular, the gcd of a and b is likewise the gcd of b and r. This allows us to work with the pair b and r instead of b and a and, since r < b, this simplifies our problem of finding the gcd as we can now apply the Division Algorithm to the pair (b, r) and repeat the process until the gcd of a and b emerges. This process is known as the Euclidean Algorithm.


Let us act with the algorithm on the pair a = 189 and b = 105. We underline the two numbers in hand at each stage and divide the smaller into the larger, discarding the larger as we proceed from one line to the next. We halt the procedure when the remainder becomes 0, indicating that the remainder on the previous line is the required gcd:
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 and so the gcd of 189 and 105 is 21 ( 189 = 9 × 21 and 105 = 5 × 21).


These equations themselves have uses as they can be reversed to express the gcd, d, in terms of the original numbers, a and b. We begin with the second last equation and make d the subject, giving in this case 21 = 105 − 84. Then we use each equation in turn to eliminate an intermediate remainder: in our example, the first equation gives 84 = 189 − 105 and so overall we have
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There are interesting theoretical consequences as well, which we will call upon in Chapter 6. We proved earlier in this section that any common factor c of a and b is also a factor of any number of the form ax + by, and since the gcd d of a and b has this form, which may be found by reversing the steps of the Euclidean Algorithm, it follows that any common factor c of a and b divides their gcd d. Moreover, a′ = a/d and b′ = b/d have a gcd of 1, for suppose that t is a common factor of a′ and b′ so that a′ = ta″ and b′ = tb″, say. We shall verify that t = 1. (The use of dashes is a way of reminding ourselves that a′ and a″ are factors of a: of course, any new symbol could be used.) The previous equations imply that a = da′ = dta″ and b = db′ = dtb″, whence dt is a common factor of a and b. Since, however, d is the gcd of a and b, it follows that t = 1 and a′ and b′ are indeed relatively prime. In our example, a = 189, b = 105, and d = 21; dividing through by the gcd gives 189/21 = 9 and 105/21 = 5, and 9 and 5 have no common factor (apart from 1).


The fact that the gcd of two numbers a and b may be written in the form ax + by lies at the heart of a host of algebraic proofs about numbers, Euclid’s Lemma being just one of many examples.


 
Chapter 2
 The laws of algebra
  Rules, tricks, and traps
 As mathematical novices we stumble through the world of algebra, suffering bumps and bruises along the way, much as we did when learning to walk. Almost by experiment we discover a list, often a rather long and disorderly list, of things that we can and cannot do when moving symbols about, and thereby form a collection of algebraic rules to live by.


In centuries past, it was worse, for the subject had no systematic foundation and it was not clear to what extent it was to be taken seriously. The 11th-century Persian mathematician and poet Omar Khayyam insisted that algebra was not merely a box of tricks for finding unknowns but rather an alternative path to geometrical truths. Despite this insight, he lacked anything resembling modern algebraic notation. Even negative numbers were regarded as formalisms at best, which held no intrinsic meaning but only mattered as part of some larger calculation.


Our approach here focuses on just three laws and we motivate them through our experience of working with the integers. First, however, a word about bracketing.


Brackets are used to indicate in which order the separate operations in an expression are to be carried out. When writing a sum like 3 + 7 + 8, however, we do not feel the need for brackets, as the two alternative ways of bracketing the expression lead to one and the same answer: 
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We say that the operation of addition is associative, meaning that (a + b) + c = a + (b + c) always holds for arbitrary numbers a, b, and c. In the same way, we have the associative law of multiplication: a(bc) = (ab)c.


That numbers can be relied on to obey this pair of associative laws is not obvious, although it may be familiar. We shall, however, take this pair of laws for granted, although at the same time it should be appreciated that associativity fails for subtraction and for division. For example, 
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You always have to take care when there are brackets and minus signs about. If we want to remove the brackets in the second sum we need to change the sign on each term in the bracket, and not just the first one, to get the correct result: 
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Similarly, division is not associative either: 
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So different bracketings yield different outcomes.


There is a convention that sometimes avoids the need for bracketing: for example, when we write 11 − 6 − 3, it is understood that this means (11 − 6) − 3, so that the operations are carried out in the order we meet them when working from left to right.


As a general principle, in the absence of bracketing directing us otherwise, the convention is that when there is a mix of multiplications and additions, multiplication takes precedence over addition, so for instance 4 + 7 × 3 implicitly means 4 + (7 × 3) = 4 + 21 = 25. If we required the addition to be performed first, we would need to communicate this through bracketing and write (4 + 7) × 3 = 11 × 3 = 33. We need to appreciate that a + b × c is just an abbreviated way of writing a + (b × c) and so this convention does not represent a law of algebra, since it does not assert a general fact about the nature of numbers.


There is a real law, however, that ties addition and multiplication together, and that is the distributive law—it’s the one that tells us how to multiply out the brackets: 
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For positive a we can see why this law holds, as it is saying 
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 which we can see comes about because when we add up a lots of b and a lots of c, the outcome is independent of the order in which the numbers are added. In saying this we are assuming another law, the commutative law of addition, 
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 a law that holds equally well for multiplication: ab = ba. These, then, are the laws that we will take forward with us: associativity and commutativity of addition and of multiplication, and the distributive law of addition over multiplication.


As a taste of what these rules are good for, we shall prove that a × 0 = 0. Since 0 + 0 = 0, we have by the distributive law that 
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Hence the number b = a × 0 has the property that b = b + b. Subtracting b from both sides of this little equation now gives that 0 = b, which is to say that a × 0 = 0.


We are getting a little ahead of ourselves—we shall examine this kind of thing again later—but this argument does give an example of the way in which some properties of numbers are consequences of the laws of algebra as we have outlined them and do not have to be assumed.


Next we compare division with subtraction. We identify subtraction of a with the addition of its opposite, −a, where −a is the number which when added to a gives zero: a + (−a) = 0. In algebra we call −a the inverse of a with respect to addition. The number 0 is the additive identity, the number which when added to any other does not change its value: a + 0 = a. We duplicate this pattern with the operation of multiplication in order to define division in a consistent fashion.


First we identify the multiplicative identity, the number that when multiplied by any other number a does not alter its value. This number is of course the number 1: a × 1 = a. The inverse of a number a is then its reciprocal, 1/a, as 1/a has the property that a × 1/a = 1. Analogously with subtraction, we now define division by a number a as multiplication by its inverse, 1/a, so, for example, 8 ÷ (2/3) = 8 × (3/2) = 4 × 3 = 12 as, for a = 2/3, 1/a = 3/2 because (2/3) × (3/2) = 1. Division is the inverse operation to multiplication. And now we can explain another algebraic fact as well, 




[image: image](2)


 by pausing to contemplate what (2) actually says. Since dividing by c means multiplying by 1/c, (2) can be written as 
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 whereupon we see that rule (2) is nothing new but is rather just a special case of the distributive law.


When in doubt about what to do with an algebraic expression, a rule of thumb is ‘put everything over a common denominator’. This step is based on the distributive law and is so commonly called upon that it needs to be made explicit. What this entails is a general description of what is done when two fractions are added: 
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 the denominators (bottom lines) here are different, and that is a real incompatibility. These fractions use two different units of measurement: the first measures in terms of 1/b, the second in terms of 1/d. To make progress we need to express both fractions with a common denominator. The product bd is always a common multiple of b and d, so we continue in that way, using 1/bd as a common measure for both fractions, making use of our rule (2) in the reverse direction to complete the sum. However, whenever we multiply one of the denominators by some number, the same multiplication must be applied to the numerator (top line) as well so as not to change the value of the fraction. Following these dictums, the algebra goes as follows: 
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The distributive law also allows us to expand brackets involving sums of any length. A fundamental algebraic fact involves expansion of the square of a sum of two terms: (a + b)2. Assigning a temporary symbol c to the first factor, a + b, we may harness the distributive and commutative laws together to obtain 
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 whereupon gathering together the two like terms in the centre gives 




[image: image](3)


We call a result like (3) an algebraic identity, meaning that (3) is always true no matter which numbers are substituted for a and b. This is in contrast with an equation, such as x2 − 9x + 8 = 0, which only holds for some values of x: in this case the equation is only valid if x = 1 or x = 8.


The operation of ‘collecting together like terms’ is again just an instance of the distributive law. For example, let’s tidy up the algebraic expression 
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 where we have rearranged the order of terms and within terms using commutativity. We continue with the ‘collection’ by employing the distributive law: 
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Normally, of course, we do not record this level of detail but it should be appreciated that all common algebraic manipulations are, at bottom, justified by invoking the associative, commutative, and distributive laws.


A sister identity for (3) is arrived at for (a − b)2 through writing c for a − b: 
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and hence we obtain 
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We must not forget the presence of the cross-terms, ±2ab (plus or minus 2ab), in these expansions. In contrast, when we expand (a − b)(a + b) the cross-terms have opposite signs, thereby cancelling each other out. This yields an important expression for the difference of two squares: 
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It is the use of the distributive law in this direction, where we express a sum or difference of terms as a product, which is particularly important. All throughout mathematics, whether we are dealing with numbers or with algebraic expressions, finding factorizations can be particularly useful. There is no end to the number and variety of factorization identities that can be discovered. Each of them can be routinely verified using the laws of algebra, but finding them in the first place is not such a mechanical process. As another sample, we list the sum and difference of two cubes: 
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A nice problem that exploits these ideas is the following: a rectangle of perimeter 28 is inscribed in a circle of radius 6. What is its area?


First, label the unknown sides of the rectangle as a and b, (Figure 2). The perimeter information is captured by the equation 2a + 2b = 28, which gives a + b = 14. The diameter of the circle is 2 × 6 = 12 and so, by Pythagoras’s Theorem, we have a2 + b2 = 122.




[image: image]2. Area of the inscribed rectangle = ?




Finding a and b is now possible but is not required. We should keep our eyes on the prize—the question asks for the area of the rectangle, which is the product ab, and that may be found immediately using the identities just derived:
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  Powers, indices, and the Binomial Theorem
 Since powers are beginning to emerge in our considerations, this is a suitable juncture to explain how they operate in general. The superscript in a power such as a5 is called its index. The first law of indices is that am × an = am+n. This is merely a counting statement, as the indices m and n are the respective numbers of terms in the product, so, for instance, 
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In much the same way, we can make sense of the second law of indices, which says that an/am = an−m through cancellation of common terms: for example, 
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Finally, the third law of indices, (am)n = amn, is yet another counting statement: for example, 




[image: image]


These rules show us the way to set up the definitions of negative and fractional powers, as that is done so that the three laws continue to be obeyed, a standard approach to generalization in mathematics. For instance, for any positive number a, by a1/2 we mean 

[image: image], for then 
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 in accord with the first law. More generally, a1/n is defined to be the nth root of a. By a−1 we mean 1/a, as this is consistent with the second law in situations such as 
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 because subtracting the indices here leads to an index of 1 − 2 = −1. The second law also requires that we define a0 = 1 in order to be consistent with divisions such as a2/a2 = 1, as subtraction of the indices in this instance gives 2 − 2 = 0.


The inverse operation of taking a power to a particular base is called the logarithm to that base. Each index law has a mirror image in this inverse process, which leads to the logarithms of products and quotients being equal to the sums and the differences of the logarithms, respectively. Since it is easier to add than to multiply, logarithms became the basis for complex calculations from the 17th century up until the time of the Moon landings.


There is a general expression describing the expansion of (x + y)n known as the Binomial Theorem. To find all the terms in the expansion, we need to sum the results of multiplying one term, either an x or a y, from each bracket. Since there are n brackets, and two terms in each bracket, this will lead to 2n terms in all. However, there are only n + 1 different types of terms: if the variable x is chosen from a bracket on k occasions, where k could be any number ranging from 0 to n, then the alternative choice of y must be made on n − k occasions, to give a term xkyn−k. We shall get one term xkyn−k for each choice of k of the brackets (x + y) from the list of n. The number of ways of choosing a set of k members from a set of n members is called a binomial coefficient, and this number crops up so often that it has its own notation: 

[image: image]. We will soon find the value of 

[image: image] in terms of n and k, but in any event we have the following version of the expansion of (x + y)n: 
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We can express this more compactly using summation notation: the Σ sign indicates that the following terms should be summed over the full range of values of k indicated above and below the Greek capital sigma: 
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There is one symmetry that often helps with binomial coefficients: whenever we choose a set of size k from a set of size n we simultaneously choose a set of size n − k, that being the complementary set of n − k members of the n-set that were left behind when we chose the original k-set. It follows that we always have 
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It is now simple to see that 
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[image: image]. Applying this to the case n = 3 gives 
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 and noting that there are six pairs that can be chosen from the set {1, 2, 3, 4}, which is to say 

[image: image], we obtain 
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We need, however, to know how to calculate the general binomial coefficient. The answer involves so-called factorial notation: we define k!, read as ‘ k factorial’, as the product k(k − 1)(k − 2)…2, so, for example, 6! = 6 × 5 × 4 × 3 × 2 = 720. The answer to our question is then 
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 although we need to adopt the convention that 0! = 1 so that (5) gives the correct number in all circumstances. (This is similar to how we define a0 = 1 in order that the index laws remain as general as possible.) To see that (5) is correct, we first ask for the number P(n, k) of strings of length k that can be formed using k of the symbols 1, 2, …, n (with no repeats allowed). We can choose the first number in n ways; for each such choice there remain n − 1 ways to choose our second number, n − 2 ways to choose the third number, and so on, there being n − k + 1 ways of choosing the kth number. (Note that the first term in the product is n, not n − 1, so the final term is n − k + 1, and not n − k.) This provides a bridging expression: 
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 where the second equality is justified through cancellation of terms. Finally, each choice of a k-set, and there are 

[image: image] of these, gives rise to k! different strings of length k: for example, there are 4! = 24 ways to arrange the four symbols a, b, c, d in a row. In this way, we obtain the result (5), for then 
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For example, 
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Binomial coefficients arise constantly in enumeration problems and satisfy a host of identities that makes them very amenable to manipulation. Interesting facts are revealed by taking special values for the binomial terms x and y. To give one example, putting x = y = 1 in the Binomial Theorem (4) yields 
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This has the following interpretation. We can in principle count all the possible subsets of a set of size n by adding up the numbers of all the subsets of size k from the least possible value of k = 0 (the empty set) to the maximum value of k = n (the full set). This sum is of course just that of the right-hand side of (6), so, in other words, the total number of subsets of a set of size n is equal to 2n.


  The rules governing arithmetic
 We close this chapter with some observations mainly concerning multiplication. There is one feature of its inverse operation, division, of which we need to be wary. We have already shown that a × 0 = 0 is always true, and so it follows that 0 has no multiplicative inverse, which is to say there is no number a such that a × 0 = 1. This is why our teachers impressed upon us the fact that ‘you can’t divide by 0’, because the number 1/0 does not exist.


In practical algebra, this represents a real pitfall. As we have already mentioned, the strength of algebra comes from manipulation of symbols in a fashion that is valid no matter which numbers are substituted for the symbols. However, when we divide by an algebraic expression, we must ensure that the expression does not represent 0, for if that were the case, we would be talking nonsense. We need to be mindful of this throughout our algebraic lives but, on the other hand, the vanishing denominator is the source of much that is wonderful in mathematics. Dividing into 0, however, is not a problem: for any a ≠ 0, we have 0/a = 0 × (1/a) = 0.


Having established earlier that multiplication by 0 gives 0, we can now prove in a similar way that (−1) × (−1) = 1. To prove this mysterious fact, we make use of the distributive law to argue as follows: 
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 and so it follows that 
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Adding 1 on the left to both sides of this equation gives us the desired result: 
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 although we should note that in carrying out this final step, we use associativity of addition to bracket together 1 + (−1) so that the right-hand side becomes 0 + (−1) × (−1) = (−1) × (−1). This argument proves that 1 is the only value we may assign to (−1) × (−1) that remains consistent with the laws of algebra.


If a number x acts like the opposite of a number a, then it is its opposite, −a. To see this, suppose that a + x = 0; then adding (−a) to both sides on the left and using associativity to bracket the first two terms on the left-hand side (LHS) together gives
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where the symbol ‘⇒’ is read ‘implies’: in general, A ⇒ B means that if A is true, then B is true.


What we have here is the mathematical equivalent of the adage that if something looks like a duck and quacks like a duck, then it is a duck. Since the number x behaves like the opposite of a, it must indeed be −a. This fact is often expressed as saying that the inverse −a of a is unique, meaning that no number other than −a can be added to a to get the additive identity, 0. Similarly, 1/a is the only number that can be multiplied by a to get the multiplicative identity, 1. The reader may care to show by similar arguments that if a + b = a then b = 0, while for non-zero a, if ab = a then b = 1, and so the additive and the multiplicative identities of the integers are unique.


Using the fact that a × 0 = 0 we may now, by expanding a(b + (−b)), see that ab + a(−b) = 0, and so, by the uniqueness of additive inverses, we conclude that a(−b) = −(ab). In particular, it follows from this that the product of a positive and a negative number is negative. From this point we can derive that the product of two negatives is positive, a fact that we implicitly assumed when expanding (a − b)2: two arbitrary negative numbers can be written as −a and −b, where a and b are positive numbers. Using commutativity of multiplication, we now obtain
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The behaviour of the integers under multiplication may well be familiar. What we have done in this section, however, is to show that these rules are all algebraic consequences of the associative, commutative, and distributive laws along with the defining properties of 0 and 1 as the respective additive and multiplicative identity elements of the integers.


 
 Chapter 3
 Linear equations and inequalities
 In this chapter we describe how to solve the simpler types of equations in one unknown, which are the linear equations, and simultaneous linear equations in two or more unknowns. We also introduce manipulation of inequalities, and the chapter closes with an example of finding the values of unknown quantities that satisfy particular equations while being constrained to lie within certain ranges.


 Single equations with one unknown
 Gilbert and Sullivan’s model Major General boasted that he could solve equations both simple and quadratical. By ‘simple’ he meant ones of the form 
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 where a, b, and c are given numbers and x is the unknown number to be found. Of course, there is no loss in assuming that the coefficient a of x is not zero. Any simple equation can be solved in two steps. We make x the subject of the expression by first subtracting b from both sides and then dividing by a, and in this way obtain 
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This provides a formula by which to solve any simple equation. However, there is no need to rely on the formula, as we may carry out these steps in any particular case. For example, the equation 3x + 7 = 34 is solved by saying 3x = 34 − 7 = 27, and so x = 27/3 = 9.


The way we went about solving our equation has the seed of a fundamental idea. If we have any equation containing an unknown, x say, which appears only once, we may solve it by making x the subject of the formula represented by the equation.


But how do we do that? We unravel the process that embedded x into the equation in the first place: step by step, we reverse each operation, taking them in reverse order.


It is best to give an example to illustrate this general procedure. In this case, x is a number that is also the name of a film. I take x, subtract 4, multiply the resulting number by 2, then add 12, and finally divide the entire thing by 3, with the overall result being the number 7. What then is the name of the movie?


Beginning with the symbol x, the sequence of operations is as follows: 
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To extract the x from the equation in (7) we reverse each of the operations, doing this in the inverse order. Getting the order right is vital—after putting on your socks and shoes, it is important that you undress by first removing your shoes and then your socks. Always bear this last-on first-off principle in mind. The inverse process here yields a sequence of operations that we may represent symbolically as 
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We carry out these four inverse operations in turn on both sides of our equation to yield a sequence of increasingly simple expressions:
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 and so 
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 the film is Fellini’s 

[image: image].


Our equation (7) is still a simple equation or, as they are more often called, a linear equation. A linear equation is one that can be written in the form ax + b = c, and (7) can be converted to that form for, starting from the 2(x − 4) = 9 stage, we may expand the bracket by the distributive law to obtain 2x − 8 = 9 and this is an equivalent equation, meaning that it is a consequence of and has the same solution as the original. The reason why the term linear is used stems from the general fact that the graph of all points (x, y) such that y= ax + b is a straight line (Figure 3): the line intercepts the y-axis at the point (0, b) and has slope (or gradient)a, meaning that for each unit moved in the positive x direction, we move a units up in the y direction.




[image: image]3. Graph of a typical linear function y = ax + b.




It may happen, however, that the unknown x appears more than once in our equation yet it may be possible, using just the laws of algebra, to reduce the equation to the standard linear form. As a more complicated example, let us take 
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We cannot treat the tangle on the left as the result of a sequence of operations applied to a single instance of x. The first simplification comes about, however, by multiplying both sides by the denominator, 4 − x, as the LHS then becomes simply x + 38 and we have the following upon multiplying out the brackets: 
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We next add 2x to both sides in order to have only a single term in x. This gives




[image: image]


  Simultaneous equations
 At what temperature do the Celsius and Fahrenheit scales agree? That is to say, when do the two scales simultaneously give the same value? To answer this we need to know how the scales are calibrated. The Celsius scale is set at 0° at the temperature where water freezes, while 100° is the point where water boils (at sea level). These two temperatures are respectively marked at 32° and 212° on the Fahrenheit scale. If we let y denote temperature in Fahrenheit and x the value in Celsius, then the two are related by an equation of the form y = ax + 32 as when x = 0, y = 32. To find the value of the slope a we note that a rise of 212 − 32) degrees Fahrenheit corresponds to an increase of (100 − 0) degrees Celsius, so that:
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For example, if global warming led to an increase in the atmospheric temeperature by 2°C, this would represent an increase of 

[image: image] Fahrenheit. However, a Fahrenheit reading (y) is related to a Celsius reading (x) by the linear equation 

[image: image], so that an air temperature of 2°C corresponds to a temperature of 3 ⋅ 6 + 32 = 35 ⋅ 6° F. It is important not to confuse temperature changes with scale readings when discussing such topics!


Returning to our problem, we simultaneously require that y = x, so what we need to find is the point where the two lines that represent these equations cross (Figure 4).


It is natural to substitute y = x into our conversion equation and solve 
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[image: image]4. Temperature in Celsius and Fahrenheit.




 multiplying both sides by the reciprocal, 

[image: image], we extract the required value of x: 
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Therefore −40° is the unique value where the Celsius and Fahrenheit scales agree.


This is an example of a problem that involves the solution of a pair of simultaneous linear equations, namely 
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Geometrically, the two equations represent a pair of straight lines and the problem is to find the point where the two lines meet. The points that lie along a particular line in the xy coordinate plane, often known as the Cartesian plane, are those points (x, y) that satisfy an equation of the form ax + by = c, where a, b, and c are fixed numbers that depend on and determine the line in question. Alternatively, we may rearrange this equation if we wish to make y the subject and we obtain the alternative slope–intercept form of the equation: 




[image: image]


We therefore turn to the general problem of finding the intersection point of two lines represented by general linear equations. Although only an example, the next problem is fully representative of the general situation, meaning that the way we solve it can be applied to any and all problems of this type. Our two equations are 
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In our first example we had y = x as our second equation, allowing us to substitute for y immediately. We could take that approach again, make y (or x) the subject of one of the equations, and substitute into the other accordingly. A different tack, though, is based on the idea that we could eliminate one of the variables simply by adding or subtracting the equations if the coefficients of one of the variables were opposites or were equal. In this example this is not the case, but we can get an equivalent pair of equations where this is so by multiplying the first equation throughout by 3 and the second by 2. Doing this, we find we may eliminate x by adding the two equations:
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Now we substitute y = 4 into the first equation to give




[image: image]


Therefore the solution to our system of equations is x = −7, y = 4.


This elimination approach (adding and subtracting multiples of equations) is generally a quicker way to find the solution of the system, for it allows us to eliminate a variable using fewer steps than the substitution method. We shall take up an example with more than two unknowns in the final section of this chapter.


Substitution arises from first isolating a variable and then substituting accordingly, thereby eliminating that variable. The value of elimination is that you achieve the same thing while working solely with the coefficients. Matrices, which we introduce in Chapter 7, represent the vehicle for abstracting this process.


  Inequalities
 In this section we introduce the use and manipulation of inequality signs. Information about unknowns can come in the form of an equality, an equation if you will, or it can arise as a constraint, which can take the form of an inequality such as 2x − 1 ≤ 5. The signs < and ≤ mean less than and less than or equal to, respectively, and of course the signs > and ≥ stand for greater than and greater than or equal to, respectively. Each of these signs points to the smaller quantity in any statement in which it appears. Of course, the simple denial of equality, a ≠ b, is an inequality, but the types of inequality that are most useful in mathematics are the directional inequalities as they often represent upper or lower bounds of quantities of interest and, with some important caveats that will now be explained, may be manipulated in a similar fashion to equalities.


We may be familiar with the meaning of an inequality such as a > b when dealing with positive numbers, but we need to explain its meaning for any numbers, be they positive, negative, or zero. In line with our experience of positive numbers, we shall say quite generally that a > b means that a − b is a positive number. This definition orders the number line in the fashion that you probably take for granted: b < a if b lies to the left of a on the line, so, for example, 

[image: image], and −1 < 0 < 1 are all true statements.


Returning to our inequality 2x − 1 ≤ 5, we can make x the subject of the inequality in the same fashion as used when dealing with an equals sign: in this case we add 1 and then divide by 2 to simplify the constraint to x ≤ 3.


There is, however, one significant complication that arises when dealing with inequalities that is a source of inconvenience and frequent error. Take an inequality such as 2 < 3 and multiply both sides by a negative number, let us say −6. The left and right sides become respectively −12 and −18, and −12 > −18. And so we have another rule: when an inequality is multiplied (or divided) by a negative number, then the direction of the inequality is reversed. For example, let us simplify 4 − 3x ≤ 13. Subtracting 4 from both sides and then dividing through by −3 gives us 
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This rule is a consequence of our definition. For instance, suppose that a < b and let c < 0. Now, a < b means that b − a is positive, so that c(b − a) is negative, which is to say that cb − ca is negative, so its opposite, ca − cb is positive, which tells us that cb < ca. In conclusion, if a < b and c < 0 then ca > cb, and the direction of the inequality has indeed reversed.


Having cleared that up, it seems that we can continue confidently with our algebraic manipulations. When dealing with an inequality, however, we may wish to multiply both sides by an unknown, x say, but the resulting direction of the inequality depends on the sign of x. When this type of scenario arises we need to be patient and examine the cases that arise separately. We may sometimes, however, avoid multiplying by terms of unknown sign and thereby avoid splitting the problem into separate cases.


For example, suppose we wish to know for what values of x the following inequality holds: 
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If we now multiply throughout by x + 2, the inequality will change the direction if x < −2, but otherwise will not. Let us instead add 8 to both sides and place the LHS over a common denominator: 
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A common factor of 3 now appears in the numerator, which we extract and, remembering that 

[image: image], we may cancel to obtain 




[image: image](8)


A quotient such as we have in (8) will be negative exactly when the numerator and denominator have different signs. A sign change may occur at a point where the term in question takes on the value 0, which is evidently at x = −2 for x + 2 and at 

[image: image] for 3x + 5. It is helpful to chart the sign behaviour of each term on a number line.


From Figure 5, we see that the numerator and denominator have the same sign except between the values of −2 and 

[image: image], where x + 2 > 0 but 3x + 5 < 0, and so that then is where our inequality holds: 

[image: image].


Inequalities are used throughout mathematics, often to find bounds of complicated functions in terms of simpler ones. Many useful inequalities stem from the simple observation that a square of a number is never negative. This follows from the fact that the product of two numbers with the same sign is positive. We shall give an instance of this, but first a word about square roots.


For any positive number a, by the square root of a we mean the unique positive number b such that b2 = a. This is written as 

[image: image] so, for example, 

[image: image]. Of course, it is also the case that (−5)2 = 25, so every positive number really has two square roots, 

[image: image], although if we speak of the square root, implicitly we mean the positive one. One useful property of square roots is that the square root of a product is equal to the product of the square roots, and, similarly, the square root of a quotient is the quotient of the square roots: 




[image: image]5. Signs of the expressions x + 2 and 3x + 5.
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That this is true is a consequence of the commutative law and the fact that two positive numbers are equal if and only if their squares are equal. To verify the first formula, then, we just need to check that the squares of both sides are the same: now, by the very definition of the square root, we have 

[image: image], while 
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 and there is a similar tale for the quotient case. These rules are often used to simplify square roots of numbers that are not perfect squares. For example, 
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Since the sign √ indicates the non-negative root, it follows that if we begin with a negative number x, then 

[image: image] is not x but rather is −x: for example, 

[image: image]. The function 

[image: image] has a special name: it is called the absolute value function and it has its own notation, |x|. Another way of thinking of |x| is as the distance of x from 0 on the number line, an interpretation which generalizes nicely when we deal with complex numbers, which we shall meet in Chapter 5. Of course |x| is always positive, except when x = 0, as |0| = 0.


The absolute value function is unpopular with just about everyone as, on the one hand, it seems so simple as to be hardly worth mentioning and, on the other hand, it misbehaves algebraically. Just like the square root, it does not behave linearly, meaning that just as it is not generally true that 

[image: image], nor is it true that |a + b| = |a| + |b| (for example, if a = 1 and b = −1, the LHS is 0 while the right-hand side (RHS) is 2).


One rule, however, which is easily verified by looking at cases, is that |ab| = |a| ⋅ |b|; so, for example, we may replace | − 2x| by | − 2| ⋅ |x| = 2|x| in any calculation. In practice, you have to be patient and split a calculation involving absolute values into cases where the object between the absolute value signs is negative and where it is not. It is worth noting, however, that an expression such as |x| ≤ 3 is equivalent to −3 ≤ x ≤ 3 and the latter is more amenable to algebraic manipulation. For example, let us simplify |2x − 1| < 5: 
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Returning to our search for inequalities based on squares, we introduce the arithmetic mean m of two numbers, a and b, which is what is normally referred to as their average: m = (a + b)/2. If we confine ourselves to non-negative numbers a and b, then the geometric mean g of a and b is defined as 

[image: image]. A square with sides of length g has the same area as an a × b rectangle.


For example, if a = 4 and b = 9 then 

[image: image], while 

[image: image]. If you experiment with a few examples of your own, you will discover that the arithmetic mean is never less than the geometric. And here is why:
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which is just to say that g ≤ m. Moreover, the initial inequality is a strict inequality except when a = b, in which case both means share this common value of a. In every other case, the arithmetic mean exceeds the geometric.


  Lincoln Fair problem
 As an example that brings together both the notion of inequalities and simultaneous equations, we close this chapter with the following problem that dates back to the 16th century, if not earlier. Twenty people pay twenty pence to visit the Lincoln Fair. If each man pays threepence, each woman tuppence, and each child a halfpenny, how many men, M, women, W, and children, C, went to the fair?


We can take the information given to extract two equations in three unknowns—the first counts people while the second counts pennies: 




[image: image](9)


Having more unknowns than equations generally means you do not have enough information to solve the problem, or, to be more precise, there is more than one solution. As we have already mentioned, the equation ax + by = c represents a line in the xy plane and, in an analogous way, an equation of the form ax + by + cz = d represents a plane in 3D x, y, z coordinates. Two such planes generally intersect in a line, and so any one of the infinite number of points along that line will have coordinates (x, y, z) that simultaneously satisfy each of the equations of the two planes. Undaunted, we see how far our elimination technique can take us in this problem. Multiplying the first equation by 3 and then subtracting the second equation will at least eliminate the men, giving us 
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We can now also express M in terms of C by using our first equation: 
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When we remove the brackets in this last expression, we must remember to subtract every term inside the brackets (and not just the first one); subtracting the term 

[image: image] of course gives 

[image: image]. Continuing and rearranging the order of the terms, we infer that 
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We have managed to express M and W in terms of C. If we knew no more than the pair of equations (9), we could go no further: we could choose any number for C and determine W and M from C using (10) and (11), and the trio of numbers (C, W, M) that resulted would be a solution to (9); and, what is more, every solution to (9) would arise in this way. We do, however, know more, although the additional information not captured by our simultaneous equations (9) comes in the form of inequalities.


You cannot have fractional or negative people, and so, assuming that there was at least one person of each of the three types, we have the three inequalities C, W, M ≥ 1. There is another more subtle point that is revealed by looking at the second of our two equations in (9): in order that the left-hand side adds up to the whole number 20, the number of children must be even. Hence we may write C = 2A, say, where A is itself a positive integer. Using this and (10) and (11) allows us to write our inequality for W as follows:
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Similarly, M = 3A − 20 ≥ 1 ⇒ 3 A ≥ 21 and so A ≥ 7.


Hence we simultaneously have A ≤ 7 and A ≥ 7, so that A = 7 and therefore C = 2A = 14. There were C = 14 children, and so M = 3A − 20 = 21 − 20 = 1, and W = 40 − 5A = 40 − 35 = 5. Therefore one man, five women, and 14 children went to the Lincoln Fair.


Whenever any system of equations is solved, we may verify the solution by substituting: in this example, putting C = 14, W = 5, and M = 1 into each of our equations in (9) shows that our solution does indeed work. As our reasoning has proved, this is the unique solution to the Lincoln Fair problem provided that we assume there was at least one man, one woman, and one child. Some of the unknowns could, however, be permitted to take on the value 0 without reducing the problem to total nonsense. This would weaken the constraints to C, W, M ≥ 0. If you rework the problem, you find that a second value, A = 8, is now also feasible. Putting A = 8 then gives a second solution: (C, W, M) = (16, 0, 4): 16 children, no women, and four men does, strictly speaking, still work.


There is an entire realm of mathematics, known as linear programming, that is dedicated to solving huge systems of linear equations subject to constraints on the values of the solutions. Our Lincoln Fair problem is a very simple historical instance of this kind of question. This mathematics underpins much of the logistics of modern society, governing operations such as railway and airline schedules while allowing businesses to meet customer demand by running inventories with much less stock stored in warehouses than was required in times past, which represents an enormous and ongoing cost saving. The algebraic ideas of elimination and constraint satisfaction underlie all this. Contemporary society could not function without them operating, behind the scenes, invisibly and flawlessly on behalf of everyone.


 
Chapter 4
 Quadratic equations
A quadratic equation is one involving a squared term and which, when all terms have been moved to the left-hand side, takes on the form ax2 + bx + c = 0. Quadratic equations are as old as mathematics itself, with examples appearing in ancient Babylonian tablets from over 4000 years ago. What is more, although lacking modern notation, these ancient mathematicians seemed to be well aware of the principles involved in solving them. Quadratic expressions are central to mathematics, and quadratic approximations of all kinds are tremendously useful in describing processes that are changing in direction from moment to moment.


The way to tackle quadratic equations is normally taught in three stages. The first looks at simple examples and tries to factorize the quadratic expression into two linear factors, which then allows you to write down the two solutions (for normally there are two). This seems to be guesswork, trial and error if you like, and so not satisfactory. Next, a mathematical device is introduced called completing the square, which allows solution of any particular quadratic. This is the general method of the ancients, although the key step may seem at first to be a little unnatural. Finally, completing the square is applied to the general equation to derive the famous quadratic formula that allows us to plug the three coefficients into the associated expression, which then provides the solutions. This formula often represents the first sophisticated piece of algebra that a student meets.


Although the quadratic formula solves every quadratic, there is much to be learnt from the other approaches apart from just methods to solve the equations, as will now be explained.


Factorization and completing the square
 Let’s begin with the equation x2 − 5x + 6 = 0. The idea is to find a factorization of the expression as x2 − 5x + 6 = (x − r)(x − s), for then the two solutions of our equation will be the numbers r and s, known as the roots of the equation. This is because, when we substitute x = r into this factorized expression it returns (r − r)(r − s) = 0(r − s) = 0 and, similarly, substituting x = s into this product also gives the desired output of 0, while no other numbers apart from r and s can do this. But how are we to find r and s?


The next step represents an important idea. We expand the expression (x − r)(x − s) to give it the same form as the original quadratic expression and then choose r and s to match the corresponding coefficients. Now, 
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We equate the two expressions to hand: 




[image: image]


 so we need to find r and s so that r + s = 5 and rs = 6. A little thought will lead to the result r = 2, s = 3, which is to say that x2 − 5x + 6 = (x − 2)(x − 3), so the solutions of our original equation are x = 2 and x = 3. This works—substituting either the number 2 or the number 3 into x2 − 5x + 6 does indeed give zero.


The idea here is to take the quadratic expression x2 − bx + c and write it in the form (x − r)(x − s). Expanding the latter expression and matching coefficients then gives a pair of simultaneous equations in the two unknowns r and s, one of which, r + s = −b is linear, but the other, rs = c, is not. We might try to solve these equations by substituting s = −r − b into the second equation, rs = c, but that leads us in a circle back to the original quadratic equation, so this approach has serious shortcomings.


Clearly we need a better method, but before moving on it is worth noting that this sum-and-product formulation is equivalent to the original equation, and indeed this was the way these questions were often posed in classical texts, as they arise through the problem of determining the dimensions of a rectangle given its area and perimeter. With this kind of formulation, the problem was bound to have positive solutions, which were the only quantities that the ancients recognized as true numbers. For example, let us suppose that the perimeter of the rectangle is given as 28 units and the area as 48 units2. Let r and s denote the unknown dimensions of the rectangle, giving us the pair of equations 
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From the linear equation we infer that s = 14 − r, and substituting accordingly into the area equation yields 




[image: image]


Instead of guessing and checking, we may complete the square to solve this quadratic. Compare the LHS, r2 − 14r, to the general expression r2 − 2ry + y2 = (r − y)2. The first two terms have the right form but the final term, y2, is missing. We may, however, force our expression to have the desired form by adding the absent term, although in order to retain a correct equation we add that term to the RHS as well to keep it balanced.


Specifically, here we will need to match −14r with −2ry so that −14 = −2y; hence y = 7 and its square is y2 = 72 = 49. This is the magic ingredient that when added to both sides allows us to take square roots:
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 which is to say r = 7 ± 1.


Therefore we get that either r= 7 − 1 = 6, whereupon s = 14 − r = 14 − 6 = 8, or r = 7 + 1 = 8 and s = 14 − r = 14 − 8 = 6. Either way we are led to what is essentially the unique solution, that being a 6 × 8 rectangle.


The overall approach to completion of the square is as follows. Given any quadratic equation ax2 + bx + c = 0 with a ≠ 0, we first divide through by a to get a monic equation—one in which the coefficient of the highest power, x2, is 1. This is an equivalent equation, so it follows that if we can solve any monic quadratic equation, we can solve them all, and so there is no loss of generality in confining ourselves to equations that can be written in the form x2 + bx = c. We can complete the square on the LHS by adding the square of b/2 (and not of b) because 
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 as the cross-term that emerges when this square is expanded is 2 ⋅ (b/2)x = bx, as it needs to be. Hence, by adding this particular square to both sides, we have a new form of the equation in which the LHS is an explicit square. We now take square roots (both positive and negative) and make x the subject of the expression to finally get to the roots.


It should be appreciated that there are other interesting questions that arise involving quadratic expressions, and completion of the square allows us to answer them. We give two examples.




[image: image]6. Comparing the graphs of y = x2 and y = x2 + 6x + 13.




The curve described by the equation y = x2 is the standard upward-opening parabola that has the y-axis as its axis of symmetry, and its vertex is the origin (0, 0). How does the graph of the equation y = x2 + 6x + 13 compare with that of y =x2? (See Figure 6.)


By completing the square, we can show that the two curves are identical; the difference is just that the second graph has been translated to another position, which we can describe precisely. Since 

[image: image] and 32 = 9, we may complete the square as follows: 
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Now the minimum of y = (x + 3)2 is 0, which occurs when x = −3: overall, the graph of y = (x + 3)2 is that of y = x2, only moved 3 units to the left. To obtain the graph of y = (x + 3)2 + 4, we now move the graph of y = (x + 3)2 by 4 units in the positive y-direction. In summary, the graph of y = x2 + 6x + 13 is realized by shifting the graph of y = x2 by 3 units to the left and 4 units up. In particular, the turning point of this parabola rests at (−3, 4).


Our second problem is to find the number x that most exceeds its own square. This is to say, we wish to find the value of x that  maximizes x − x2 or, what is the same, that minimizes its negative, x2 − x (Figure 7). Completing the square for this expression requires us to add (and then subtract) 

[image: image]. We then have




[image: image]7. Graph of y = x − x2.
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We minimize this quantity by making the square as small as possible, which is to say 02, and this is done in this case by putting 

[image: image]. That then is our answer: 

[image: image] is the number that most exceeds its own square. We may note that 

[image: image] and any other number exceeds its square by a lesser amount—indeed, for any number x outside the interval 0 ≤ x ≤ 1, x is actually less than x2.


As a final example in this section, let us solve 
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 A natural impulse is to rid ourselves of the awkward square root through squaring, but doing that immediately would not work, as the root would come back to haunt us in the cross-product that arises in the square of the LHS. Instead, we focus our attack on the root by first making it the subject of the equation. Only then do we square:
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hence x2 − 23x + 120 = 0 and so (x − 8)(x − 15) = 0,


which gives the two solutions x = 8 and x = 15. However, if we test these solutions, only one of them works in the original equation, 

[image: image]: 
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What has gone wrong here is that the squaring of both sides of the equation has introduced extraneous solutions, for the implication sign cannot be reversed: in general, a = b ⇒ a2 = b2, but a2 = b2 ⇏ a = b, but only that a = ±b. The extraneous solution, 15, represents the solution to the equation 

[image: image].


The general point that needs to be appreciated is that if we carry out an operation on both sides of an equation that cannot be reversed, then the new equation is not equivalent to the original. Any solution of the original equation will nonetheless be contained in the solution set of the new equation. Therefore, having solved the new equation, we need to test the solutions on the original as not all of them will necessarily apply.


  The quadratic formula
 Applying the method of completing the square to the general quadratic equation yields the general quadratic formula, which solves the entire class of problems in one fell swoop. Quite naturally, this chapter culminates in this derivation. The slickest way to produce the formula comes through building up the RHS to the required expression as directly as possible. This begins by writing the equation as ax2 + bx = −c, multiplying throughout by 4a, and then adding b2 to both sides to complete the square on the left. In detail, we have
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This derivation avoids any fractional terms until the very last line, although the argument is based upon knowing where we are headed.


It is worth studying another derivation that introduces a more general approach that may apply to other problems. The following method does not require an inspired observation as to how to manufacture squares when we are not given them in the first place, but rather the completion emerges from the algebra itself. Again we begin with the general quadratic equation, ax2 + bx + c = 0 with a ≠ 0. We make the substitution x = y + t, where t is a constant to be specified. When we make this substitution, the coefficient of y will involve t and the other coefficients. If we then choose t so that the term in y vanishes (because its coefficient is 0), we will have an equation of the form y2 = k for some constant k, from which point we may solve through taking square roots. With this in mind, we now put x = y + t. Upon rearranging the order of the terms that arise through the expansion, we obtain: 
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We now choose t so that the multiplier of y is 0, which is to say that the special value of t we seek comes about by putting 
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The term in (12) involving y2 is ay2, while by making use of (13) we get the following for our constant term k: 
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We now have a clear path to the general formula, for we have reduced our original equation to ay2 + k = 0. Writing this as y2 = −k/a, we have 




[image: image]


Rewriting y as x − t = x + b/2a and then taking square roots, the previous equation now gives




[image: image](14)


The Indian mathematician Brahmagupta (ad 597–668) seems to have been the first to explicitly describe the general quadratic formula, albeit in words, in his treatise Brāhmasphuṭasiddhānta, published in ad 628. Earlier still, Diophantus adopted a recognizably algebraic approach to such problems in the 3rd century ad. (The solutions of Euclid, some six centuries earlier, represented the roots geometrically.) The formula was, however, first stated in the modern form in 1594 by the Flemish mathematician Simon Stevin (1548–1620), who also brought decimal calculation into common usage in Europe.


As an example that leads to a quadratic the roots of which are not integers or fractions, we shall find the dimensions of the Golden Rectangle, which is defined as the rectangle that has the property that when the largest possible square is removed from the rectangle, the smaller rectangle that remains is similar to the original, meaning that both rectangles have the exact same shape, the only difference being one of scale (Figure 8).




[image: image]8. Golden Rectangle.




But what is that scale? If we take the shorter side of the parent rectangle as 1 unit and the long side as x, we have from the given similarity condition that 
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Applying the quadratic formula (14) to the equation of (15) requires that we put a = 1, b = c = −1 and so we obtain 
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 and since the positive solution is the one we want, we find that the Golden Ratio, often denoted by the Greek letter ϕ, is given by 
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The Golden Ratio arises persistently throughout mathematics, especially in the context of self-similarity problems.


We end this section by examining the number of solutions a quadratic equation may have. If we graph the function y = ax2 + bx + c, the solutions of the corresponding quadratic equation y = 0 tell us where that graph meets the x-axis. Of course, the graph may not cross the axis at all.




[image: image]9. Three quadratic graphs exhibiting 0, 1, and 2 roots, respectively.




It all depends on the discriminant Δ = b2 − 4ac, which is the term that lies under the square root sign in the quadratic formula (14); in the monic case, Δ = (r − s)2, the square of the difference of the roots. The quadratic has two solutions if Δ > 0 but no solutions if Δ < 0, as there is no square root of a negative number. If Δ = 0, however, there is a unique solution, that being x = −b/2a, in which case the corresponding graph just touches the x-axis at this point, with the axis being tangent to the curve (see Figure 9). We close with a problem that showcases this transitional case.


A man, running at constant speed υ, tries to catch an old-fashioned London bus (of the kind that you could leap on while in motion) (Figure 10). When he gets within a distance d of the door, the bus, which has been stationary, begins moving away from him with constant acceleration a. What is the maximum value of d that will allow our man to catch his bus?


Let us take the origin, O, from which we measure the position of both man and bus to be the man’s initial position as the bus begins to move. At time t he will have travelled a distance υt in the positive x-direction. The speed of the bus at time t, however, is at. Since it started from rest and the acceleration is constant, the average speed of the bus in the time interval from time 0 up to time t is 

[image: image]. Hence the distance of the door of the bus from the origin at time t is 

[image: image].




[image: image]10. Man running for a bus.




Now, the runner will be at the same position as the door at the times when these two expressions for the position of man and bus agree, which is to say when the time t satisfies
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We could now find these times by solving the equation (17), which is a quadratic equation in the variable t of time. However, that was not the question. Take a moment to think what is physically possible here.


Suppose there are two solutions to (17). The earlier of the two times would represent the moment when the man catches up with the bus. If he decided not to get on the bus at this point, he would overrun the door. However, since he is running at constant velocity and the bus is accelerating, eventually the bus would catch up and pass him by. The second solution is the later point when the bus door would pass him, offering him his last chance to hop on board. If, on the other hand, the values of d and a are too great, he never catches the bus and (17) has no solutions. These two scenarios correspond to Δ > 0 and Δ < 0, respectively. If the values of a and d are small, the man will catch his bus easily and the second coincidence will be quite far down the road. As we increase a and/or d, the moments of opportunity to board draw closer to one another, and at the point where Δ = 0 they merge into a single precious moment. The question then asks us to find, for a given value of a, what is the value of d where there is just one solution to (17). To determine this value, we just need to set Δ = 0. First, let’s find Δ for our equation (17): 
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Putting Δ = 0 now gives the critical value of d: 
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The would-be passenger will catch his bus as along as d ≤ υ2/2a. For example, if the man is running at 6 m/s and the bus is accelerating at 1 m/s2 then the critical value is d = 62/2(1) = 18, so if the initial gap between him and the door is more than 18 m, then the bus gets away.


Having solved linear and quadratic equations, our next step would seem to be the solution of equations involving cubes and higher powers. Prior to that, however, we shall look at the algebra of polynomials and how it compares to that which governs the number system in order to see what may be learnt in general about equations involving powers higher than 2.


 
Chapter 5
 The algebra of polynomials and cubic equations
  General polynomials
 We prepare the ground for solving the cubic by first investigating the nature of polynomials, which are expressions of the form 
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 we call p(x) a polynomial of degree n. The number ai is called the coefficient of xi, a0 is the constant term of p(x), and an is called the leading coefficient. For example, p(x) = −9 − 5x + x2 − 2x3 is a third-degree or cubic polynomial. We may sometimes wish to find the solutions x of the equation p(x) = 0, but we will also consider polynomials as objects in their own right, in which case the role of the symbol x is just that of a placeholder—if another letter such as y or t were used, we would have essentially the same polynomial. Since the polynomial p(x) is determined by the list of coefficients (a0, a1, a2, …, an), we could define the polynomial as being this list and dispense with the symbol x entirely. In practice, however, p(x) is often the rule for a function and so we consider x to be a variable, which is to say that x may be any number x = a, and p(a) is the value of its image when the polynomial is evaluated at x = a. For our cubic polynomial we have, for example, 
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In general, a function can be thought of as any rule whatsoever that takes as input a given number and outputs another (generally different) number—this idea is fundamental to modern mathematics. The importance of polynomials as functions is twofold. First, the outputs of polynomial functions can be explicitly calculated, and second, polynomials are very versatile, for they may be used to approximate many important functions whose output values often can be calculated only imperfectly, such as the trigonometric, exponential, and logarithm functions.


The underlying algebra of polynomials mirrors that of the integers both in obvious and in more subtle ways. We may add, subtract, and multiply polynomials, and the laws of algebra, namely associativity, commutativity, and the distribution law of addition over multiplication, all hold. This stems from the fact that we may regard the variable x as representing an arbitrary number, so these expressions may be added and multiplied in the usual way and the above laws are bound to persist because we have defined the addition and multiplication operations with this in view. For example,
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Note that both terms in the first bracket need to be multiplied by each of the terms in the second, not forgetting to attribute the correct sign to each product. This yields a contribution of 2 × 3 = 6 terms in all. We then simplify by collecting up like powers. The degree of the final polynomial is then the sum of the degrees of the highest powers in the terms of the product, which in this case is 2 + 5 = 7.


Polynomial division is especially interesting. The situation regarding integers a and b, allowing also for b to be negative, is that there are unique integers q and r such that a = bq + r, with the remainder, r, satisfying 0 ≤ r ≤|b| − 1. There is an analogue of this equation for polynomials where the measure of the size of the polynomial is its degree. In particular, if a(x) and b(x) are polynomials of degrees n and m, respectively, with m ≤ n, then we may find an expression a(x)= q(x)b(x) + r(x), where the degree of the remainder polynomial, r(x), is less than m.


The important case for us here is the simple one where b(x) is a linear monic polynomial, i.e. b(x) = x − c, and then the remainder polynomial has degree 0, which is to say r(x) is simply a constant. For example, let us take a(x) = 1 + x − 3x3 + x4 and b(x) = x − 4; we need to find the quotient polynomial, q(x) = c0 + c1x + c2x2 + c3x3, and the remainder, r. Our polynomial equation is then 
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Starting from the highest power in the expansion, x4, we immediately get c3 = 1. Equating terms in x3 then gives c2 − 4c3 = c2 − 4 = −3 so that c2 = −3 + 4 = 1. Comparing coefficients of x2 then gives c1 − 4c2 = c1 − 4 = 0, whence c1 = 4; next, looking at the term in x, we see that c0 − 4c1 = c0 − 16 = 1, and so c0 = 17. Finally, for the remainder term we have r − 4c0 = r − 68 = 1, so that r = 69. In conclusion, we have 
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What is important here, however, is that this form of calculation may always be carried out in the fashion of this example: comparing the highest powers gives the coefficient cn−1 of xn−1 in q(x), and then, working with the powers in descending order, we obtain a linear equation for each coefficient ci in terms of ai and ci+1, which is now known, so each of the numbers cn−1, cn−2, …, c0, r may be found in turn.


Long division of one polynomial by another is important in practical calculations in integral calculus, but here it is the theoretical fact that the equation a = qb + r for polynomials is soluble that allows us to deduce two important theorems, the second of which is a corollary of the first, these being the Remainder and Factor Theorems.


When we divide a(x) by x − c, we can find r immediately without needing to know the quotient polynomial q(x), for consider the equation 
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 if we substitute x = c into this equation, we obtain 
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This is the Remainder Theorem: the remainder when we divide a polynomial a(x) by the term x − c is equal to a(c). For example, the remainder r in (18) is given by a(4), so that 
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 which agrees with the value we found from the full division calculation.


If the remainder r = 0, we say that x − c is a factor of a(x), for then we have a(x) = (x − c)q(x), and so a(c) is zero and c is a root of the polynomial a(x). Conversely, if c is a root of a(x), which is to say that a(c) = 0, then by the Remainder Theorem the remainder when a(x) is divided by x − c is 0, which gives a(x) = (x − c)q(x). In summary, we have the Factor Theorem: c is a root of the polynomial a(x) if and only if a(x) has a factorization of the form a(x) = (x − c)q(x).


If d were another root of a(x) then 0 = a(d) = (d − c)q(d), so that q(d) = 0, and by the Factor Theorem we have q(x) = (x − d)p(x), say, where p(x) is a polynomial of degree n − 2. Since each root t of a(x) introduces a new factor, (x − t), into the factorization of a(x) and the degree of the associated quotient polynomial decreases by 1 each time, we infer that the number of distinct roots of an nth-degree polynomial a(x) is at most n. If a(x) has n roots, c1, c2, …, cn, then a(x) will have a factorization of the form 
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 for some constant A, which evidently is then the leading coefficient an of a(x).


  Complex numbers
 The totality of all numbers represented by points on the number line is referred to as the set of real numbers and is denoted by ℝ. We can think of the positive real numbers as all those that can be represented in decimal form. This is a much larger collection than the rationals, ℚ, as the decimal expansion of any fraction m/n, is always recurring, with the recurring block no longer than n − 1: for example, 

[image: image] shows a recurring block of length 7 − 1 = 6. Decimals that never fall into a recurring pattern therefore represent real numbers that are not rational: for example 0.10110111011110 … is an irrational number, as is 0.12345678910111213 …. The decimal expansion of π = 3.14159 … is seemingly random in nature—π is certainly not a rational number, although proving that fact is difficult.


If we identify the notion of a number with that of a signed distance from 0, measured either to the left (negative) or right (positive) along the number line, then the real numbers are all the numbers to be found. This collection does, however, have one serious shortcoming: since squares are never negative, it follows that negative numbers have no square roots. In particular, there is no real number a such that a2 = −1.


Mathematicians decided this would not do, as the lack of such a number acted as a roadblock to the kind of free algebraic movement required to solve certain equations. To circumvent the obstacle, the imaginary unit i was introduced, which was endowed with the property that i2 = −1. This idea may also have been motivated via the number line itself, beginning with the observation that multiplying the members of the number line by −1 has the effect of rotating the line through 180° about 0, with 1 going to −1, 3 being mapped to to −3, and so forth. Since i2= −1, it seems that two multiplications by i are needed in order to have the same effect, which suggests that multiplication by i will rotate the number line through 90° about the origin. This right-angled rotation creates another copy of the number line at right angles to the original and delivers a plane of numbers, known as the Argand plane, named after Jean-Robert Argand (1768–1822). The point in this plane with coordinates (a, b) then corresponds to what is known as the complex number z = a + ib, where a and b are ordinary real numbers, known respectively as the real and the imaginary parts of the complex number z. The intention is that by adjoining the new number i to ℝ, our expanded collection of complex numbers, denoted by ℂ, should allow the four basic operations of addition, subtraction, multiplication, and division to be carried out and the normal laws of algebra will apply. The real numbers ℝ form a subset of ℂ, as the representation of a real number a as a complex number is a + 0i (Figure 11).


When we add or subtract two complex numbers z = (a, b), w = (c, d), we simply add or subtract the first and second entries as the case may be to give (a, b) ± (c, d) = (a ± c, b ± d). If we make use of the symbol i, we have, for example,




[image: image]11. The Argand plane with addition and subtraction of complex numbers.
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 and 
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Addition of complex numbers corresponds to what is known as vector addition in the plane, where directed line segments (vectors) are added together, top to tail. We begin at the origin, which has coordinates (0, 0), and in this example we lay down our arrow from the origin and place its tip at (3, −1). To add the arrow represented by (−1, 7), we begin at (3, −1) and travel 1 unit to the left in the horizontal direction, which defines the real axis, and 7 units in the vertical direction, which is known as the imaginary axis. The outcome of the addition is that we end at the point (2, 6). Similarly, subtraction of complex numbers corresponds to subtraction of vectors in the plane.


Before continuing, bear in mind that the adjective ‘imaginary’ is just a word and we should not read too much into it. After all, a complex number a + bi can be thought of simply as a pair of real numbers (a, b), in much the same way as a fraction a/b can be represented by an integer pair (a, b). The validity of the complex numbers then comes down to whether or not the system is free from contradiction, which it is, while the importance of ℂ stems from its effectiveness as an arena for calculation. Leaving the monorail of the real line and passing into the Argand plane allowed mathematics and physics to blossom in a way that would otherwise have been impossible.


Multiplication of two complex numbers z and w now comes quite easily. We simply expand the product of z and w using the distributive law, replace each instance of i2 by −1, and then collect the real and imaginary parts together:
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But how can we divide one complex number by another? The hint comes through the notion of conjugation, which arises in relation to the quadratic formula.


The form of the solutions of a quadratic equation with rational coefficients, as provided by the quadratic formula, comes as a pair of numbers of the form 

[image: image] and 

[image: image], where p and q are rational. We call r and 

[image: image] a conjugate pair. Conjugates can be used to simplify an expression with a square root in the denominator so that the denominator becomes simply an integer. This process, known as rationalizing the denominator, is brought about by multiplying the fraction top and bottom by the conjugate of the denominator. The cross-terms involving the square root then cancel out, leaving the simplified denominator. For example, we rationalize the denominator of 

[image: image] as follows:
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The key property of the conjugate, 

[image: image], of r is that the product 

[image: image] falls back into the field of the rationals and the irrational surd of 

[image: image] in the denominator disappears. The analogue for a complex number z = a + bi would be another complex number 

[image: image] such that 

[image: image] was purely real, which is to say the imaginary part of the product would be 0 and so the imaginary unit i in the denominator vanishes. A number with this qualification is the one that results from reflecting z in the real axis to give the complex conjugate, 

[image: image]: 
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Note that 

[image: image] is not only real, it is also non-negative and indeed will always be positive except if a = b = 0, which is to say z = 0. Note also that (21) tells us that 

[image: image] is the square of the distance of z = a + bi from the origin. In keeping with the absolute value notation that it generalizes, we write this distance, known as the modulus of z, as |z| so that 

[image: image].


We can now divide one complex number by another through use of the complex conjugate of the divisor—for example,
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A quadratic equation may have either 0, 1, or 2 solutions, according as the discriminant Δ = b2 − 4ac is less than, equal to, or greater than 0. The quadratic formula provides these solutions and imaginary numbers do not need to be called upon to find them. However, once x3 appears on the stage, complex numbers arise naturally in the course of the associated calculations, even when the solutions are all real numbers. The field of complex numbers was one of the biggest surprises ever to emerge from mathematics, second only to the discovery of irrational numbers by the Pythagoreans some two thousand years earlier.


Complex numbers allow us to find the roots of a quadratic in the case where the discriminant Δ < 0. For example, let us solve x2 − 10x + 41 = 0. In this case 
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 hence 

[image: image] and so we obtain 
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There is a general point to take away from (22). The complex roots of a quadratic with real coefficients are always going to form a conjugate pair, c ± di. As we shall see in the upcoming section, this principle applies equally to polynomials of higher degree.


The complex conjugate has the nice property of commuting with arithmetic operations: the conjugate of a sum, difference, product, or quotient is the sum, difference, product, or quotient as the case may be of the conjugates: in symbols, 

[image: image], and 

[image: image]. Each of these identities can be verified by calculating both sides of the corresponding equation for two arbitrary complex numbers z = a + bi and w = c + di and noting that the outcome is the same for both. For instance, using our multiplication rule (20), we see that 
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For division, first note that for any non-zero complex number w we have 

[image: image]. Now, since division by w means multiplication by its reciprocal, we may apply the result for the conjugate of a product to obtain 
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 in general, then, 
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 We shall exploit these relationships in the next section to show that the roots of polynomials with real coefficients come in conjugate pairs. However, another consequence is that 
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 and similarly the modulus of a quotient is the quotient of the moduli. To see (23) is now easy—since the quantities involved are non-negative real numbers, we need only check that their squares are equal, which is the case:





[image: image]12. Multiplication of complex numbers in polar form.
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The rule (23) leads to another representation of complex numbers, in the form z = (r, θ), where r is the modulus of z; this places z somewhere on the circle centred at the origin O with radius r, and θ is the angle between the real axis and the ray Oz. This is called the polar form of z and is useful when dealing with powers and roots, for, in polar form, multiplication of z = (r, θ) and w = (s, ϕ) (Figure 12) follows the rule 
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In particular, it follows through n-fold application of (24) that zn = (rn, nθ). That the moduli r and s multiply when we take a product follows from (23), and that the polar angles add can be shown by writing z in Cartesian form using trigonometric functions and applying the so-called double-angle formulae for cosine and sine.


  Factorization of polynomials
 The Factor Theorem tells us that if r is a root of a polynomial p(x) of degree n then we may factorize p(x) as p(x) = (x − r)q(x), where q(x) has degree n − 1. Repetition of this process leads, therefore, to the conclusion that the number of solutions to the equation p(x) = 0 is at most n. Indeed, allowing for repeated and complex roots, there will always be exactly n roots of an nth-degree polynomial. For example, the equation x2 + 1 = 0 clearly has no real solutions but it does have two imaginary ones, they being ±i, while the one and only solution of x2 − 2x + 1 = 0 is x = 1. This apparent lack of a second root, however, is down to the fact that the root 1 is repeated, in that the factorization of x2 − 2x + 1 is (x − 1)(x − 1). We shall explore a little further.


The Factor Theorem sometimes gives us a foot in the door when it comes to solving equations featuring cubic and higher powers of the unknown x. If, for example, we can find one root a of a cubic polynomial p(x), then the equation p(x) = 0 can be written as (x − a)q(x) = 0, where q(x) is quadratic. The remaining solutions will then be those of the quadratic equation q(x) = 0 and so all solutions can be found. Indeed, it is possible to find all the rational roots of any polynomial equation p(x) = 0 with rational coefficients, for we may proceed as follows.


First, we may ‘clear the denominators’: by multiplying the polynomial by the product A of all the denominators, we arrive, through cancellation within each coefficient, at another polynomial with integer coefficients. This new polynomial has the same roots as the original because, since A ≠ 0, for any value of x we have Ap(x) = 0 if and only if p(x) = 0. Therefore there is no loss of generality in assuming that p(x) has the form 
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 where a0, a1, …, an, lie in ℤ, n ≥ 1, and an ≠ 0.


We are hunting for all the rational roots, if any, of p(x) so let us suppose that p(a/b) = 0, where a and b are integers, with b ≠ 0 of course. What is more, we may assume that the fraction a/b has been cancelled to lowest terms, so that 1 is the greatest common divisor of a and b. We will take for granted here a slight generalization of Euclid’s Lemma, that being that if r and s have no common factor but r|st, then r|t.


Substituting x = a/b in p(x) and multiplying through by bn to clear denominators we get the following, upon cancelling the powers of b that arise: 
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Now, if we divide the LHS by a, (25) tells us that the outcome is 0/a = 0. However, a is an explicit factor of every term after the first: for example, a1abn−1/a = a1bn−1 is an integer. It follows that the first term, a0bn, must also be a multiple of a, otherwise the LHS could not equal the integer 0 when divided by a. However since a and b are relatively prime, the same is true of a and bn as b and bn have the same prime factors. We conclude, therefore, by the generalization of Euclid’s Lemma, that a must be a factor of the constant term a0 of p(x) This means that the numerator a can be found among the factors (positive and negative) of a0.


Similarly, we can narrow the search for the denominator b of our rational root. Since b appears explicitly as a factor of each term on the LHS of (25) apart from the final one, anan, it follows that b is a factor of every term on the LHS, including anan. But once again, a and b have no common factor, so the same is true for an and b. Therefore b must be a factor of the leading coefficient an of p(x).


In conclusion, we have the Rational Root Theorem: for any rational root a/b of p(x), the numerator a|a0 and the denominator b|an.


We need to be aware of what this theorem does and does not say. It does not say that p(x) has any rational roots, and it is possible that it may not. It does say, however, that if p(x) has any rational roots, then those roots may be found within a finite set of rational numbers that we can list explicitly. It is then just a matter of testing each of these candidates in turn in order to find the complete list of rational roots of p(x). It may be that none of these rational numbers a/b satisfy p(a/b) = 0. If that is the case, we still do not know any of the roots of p(x), but we do know that they are not rational. And this is perfectly possible—for instance x2 − 2 has 

[image: image] as its roots, which are both irrational numbers.


As an example, let us find all the roots of p(x) = 2x3 + x2 − 5x − 3. For any rational root a/b of p(x), we have by the Rational Root Theorem that a is a factor of the constant term, −3, and b is a factor of the leading coefficient, 2, so that a/b is equal to or is the negative of some member of the set 

[image: image]. This gives us eight possibilities to test: for example, p(1) = 2 + 1 − 5 − 3 = − 5 ≠ 0. One candidate does, however, pass the test:




[image: image]


By the Factor Theorem, 

[image: image] is a factor of p(x) and, by the same token, so is any non-zero multiple of this factor: multiplying our factor by 2 allows us to express p(x) as




[image: image]


Equating coefficients immediately gives us a = 1, c = −1, and 3 + 2b = 1 so that b = −1. (Equally, 3b − 2 = −5 gives b = −1.) Hence the quadratic factor is x2 − x − 1, the roots of which we may now find—indeed, we already have done so, for this is the quadratic that arose when we found the value of the Golden Ratio, which has irrational roots 

[image: image].


Both in theory and in practice, the Rational Root Theorem allows us to find all the rational roots of any polynomial with rational coefficients. As anticipated in Chapter 1, we can use it to give the important theoretical result that so vexed the mathematicians of ancient Greece, that being that if a positive integer k is not the nth power of another positive integer, then 

[image: image] is irrational.


To this end, consider the polynomial p(x) = xn − k. Putting p(x) = 0, we see that its roots are 

[image: image]. If the positive root were rational, it would have the form a/b, where we may take a, b > 0. However, by the Rational Root Theorem we have that the numerator a is a factor of k, while b is a factor of 1, which is to say b = 1, and so a/b = a and the root a is then a whole number. This shows that 

[image: image] either is a positive integer or is irrational, but 

[image: image] cannot be a non-integral fraction. In particular, numbers such as 

[image: image], 

[image: image], and 

[image: image] are irrational.


The same can be said for numbers like our Golden Ratio, ϕ, for if this were not the case we would have ϕ = a/b and, using the expression for ϕ in (16), we could argue as follows: 
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 thereby giving the contradiction that 

[image: image] could also be expressed as a fraction, which we now know it cannot. Therefore ϕ is indeed irrational.


It should be noted, however, that the irrational numbers are not closed under either addition or multiplication. For example, 

[image: image], 

[image: image], and 

[image: image] are all irrational, yet 
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The Fundamental Theorem of Algebra asserts that any non-constant polynomial p(x) has a root, λ, which may be real or complex. The theorem is true quite generally—the coefficients of p(x) may be real or complex numbers. The theorem has a long history and is difficult to prove rigorously; no proof is completely algebraic, but rather there is always some element of a spatial, or, as it is called in mathematics, topological, argument involved. Although not a purely algebraic result, the Fundamental Theorem of Algebra has important consequences for the nature and associated factorizations of polynomials, as we now explain.


Let p(x) be a typical nth-degree polynomial, and suppose z is a complex root of p(x) so that a0 + a1z + … + anzn = 0. Take the conjugate of both sides of this equation. Of course, 

[image: image] and, applying the rules that the conjugate of a sum is the sum of the conjugates and the conjugate of a product is the product of the conjugates, we obtain 
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 so that 

[image: image] is a root of this conjugated equation. If, however, the coefficients of p(x) are real, then each 

[image: image], giving us the Conjugate Root Theorem: if z is a root of a polynomial p(x) with real coefficients, then so is its conjugate 
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The Fundamental Theorem of Algebra and the Factor Theorem now work in tandem to allow the complete factorization of a polynomial p(x): taking the first root, r1, allows us to factorize p(x) as (x − r1)q(x), where q(x) is a polynomial of degree n − 1. We can repeat the process n times in all until the quotient is simply a linear polynomial with root rn, which will have the form A(x − rn) for some non-zero constant A. We then have a complete factorization of p(x) into linear factors: 
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This is a general result: the coefficients of p(x) may be complex, but this factorization still exists. The question remains as to how to find these n roots, but they certainly exist and there are no more. We do note, however, that some of the roots may equal one another. For example, suppose p(x) = x4(x − 1)(x − 2)2. The degree of p(x) is 7 but p(x) has only three distinct roots, which are 0, 1, and 2. The root 0 of p(x) occurs in four factors and the root 2 in two factors, and so we say that 0 is a root of multiplicity 4 and, similarly, 2 is a root of multiplicity 2 for this polynomial.


There is one final interesting observation in this story in the case where the coefficients of p(x) are all real numbers. By the Conjugate Root Theorem, the roots of p(x) come in conjugate pairs, z and 

[image: image], and if z is not a real root, we get the second root, 

[image: image], ‘for free’. This leads to the pair of factors in our factorization 

[image: image]. As we have already noted, if z = a + bi then 

[image: image], which is a non-negative real number. Moreover, 

[image: image] is equally real. That is, 
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We conclude that any polynomial with real coefficients can be factorized into a sequence of linear and quadratic factors with real coefficients. The quadratic factors q(x) are irreducible, meaning that q(x) cannot be factorized into linear factors over the reals (but, of course, if we allow complex numbers, we can split q(x) into a pair of linear factors using its conjugate root pair). This is the way in which the Fundamental Theorem of Algebra is often expressed and was the form given by the renowned German mathematician Carl Friedrich Gauss (1777–1855) in his PhD thesis of 1799.


  Solution of the cubic
 We have made much progress, so let’s take stock of where we stand on the problem of solving the cubic equation with rational (or equivalently integer) coefficients, p(x) = ax3 + bx2 + cx + d = 0. From (26) we know that p(x) = 0 has three (not necessarily distinct) roots. By the Conjugate Root Theorem, these three roots either are all real numbers or consist of two complex conjugate roots and one real root. In any event, there is at least one real root to find and if we can identifiy one root, r, we can by the Factor Theorem reduce the problem to solving an equation of the form (x − r)q(x) = 0, where q(x) is a quadratic. We could then find the roots of q(x) and so completely solve our cubic.


What is more, we may use the Rational Root Theorem to find all of the rational roots of our equation. However, if it transpires that there are no rational roots, we still have no technique for finding a real root of our cubic.


We shall mimic our successful approach for solving the quadratic. Once again, we may assume that the leading coefficient a ≠ 0, and divide through our equation by a to produce an equivalent monic polynomial equation. Hence it is enough to consider equations of the form x3 + ax2 + bx + c = 0. (The symbols a, b, and c here stand once again for general integer coefficients and are not the same as those of the original equation.) Taking our lead from the quadratic case, the next step is to substitute x = y + t. By making a cunning choice for t, we should be able to produce an equivalent equation without any term in y2. Applying the binomial expansion for the power n = 3, we obtain 
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 and so 
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Therefore, if we put t = −a/3 the outcome will be a monic cubic in y with no term in y2. It follows that we will be able to solve any cubic provided that we learn how to solve a depressed cubic, which is to say one of the form x3 + dx + e = 0, for the general cubic can be reduced to one of this kind.


The quickest passage to the solution is now through use of Vieta’s substitution, x = υ + s/υ, where s is chosen to simplify the resulting equation into a quadratic. Making the substitution as suggested and applying the Binomial Theorem with n = 3 gives the following as the LHS:
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We can now kill two algebraic birds with one stone by putting s = −d/3, for then both the terms in υ and in 1/υ vanish, leaving the equation 
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Finally, we have a quadratic in υ3, meaning that by substituting z = υ3 we reduce the problem to the quadratic equation z2 + ez − (d/3)3 = 0. We now solve this equation to find z, take cube roots to get υ, next recover y from y= υ − d/3υ, and finally we have our solution x = y − a/3.


Let’s apply this process to an example: 
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To get a depressed cubic we put x = y + t, where t = −a/3 = −(−3)/3 = 1, so we put x = y + 1, which gives
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Next we use the Vieta substitution, y = υ + s/υ = υ −d/3υ = υ − 3/3υ = υ − 1/υ, which gives
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Putting z = υ3 gives the quadratic
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Taking the root 

[image: image], we get that 

[image: image] (the alternative choice leads to the same set of roots). Continuing, we may now find a real root: 
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So, finally, we have our real root: 
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Returning to the original polynomial p(x) = x3 − 3x2 + 6x + 8, we may check that p(−1) = −2 < 0 < 8 = p(0). Since the graph of the polynomial is a continuous curve, p(x) must therefore take on every possible value between −2 and 8 as x increases from −1 to 0. In particular, there must be a value of x in the interval −1 < x < 0 such that p(x) = 0. What is more, the values of p(−1) and p(0) suggest that this root will lie closer to −1 than to 0. The previous calculation confirms this and tells us precisely where that root lies.


Associated with a cubic, or indeed with any polynomial, there is a quantity Δ, called the discriminant, that determines the nature of its roots. In the case of a quadratic polynomial, ax2 + bx + c, we have Δ = b2 − 4ac. Without giving the general definition here, suffice it to say that Δ is a certain product of squares of the differences of the roots. (For a monic quadratic with roots r and s, we can check that Δ = (r − s)2.) Since the discriminant has the product of the differences of the roots as a factor, it follows that Δ = 0 if and only if two of the roots are identical, which is to say the polynomial has a repeated root. In the real coefficient cubic case, we can say more, in that p(x) has three real roots if Δ ≥ 0 but if Δ < 0 the polynomial has just one real root and a pair of complex conjugates for the other roots.


The definition of Δ is theoretically useful as it reveals facts such as those just mentioned, but since it is expressed in terms of the roots, which are unknown, it is not a useful form for calculation. However, the value of Δ can be expressed in terms of the coefficients of the polynomial, although the expression is very complicated for high powers. For the cubic ax3 + bx2 + cx + d, it transpires that 
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In our example, a = 1, b = −3, c = 6, and d = 8 and so
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 hence the real root that we found is the only one. However, as the pioneers of the Italian Renaissance discovered, in the case of a positive discriminant, the substitution method leads to expressions involving complex numbers even though all three roots are real.


We close with a few words on quartic and quintic equations, which are respectively polynomial equations of degree four and five. Methods for solving both cubic and quartic equations appeared together in the book Ars Magna, written by Gerolamo Cardano in 1545. The method for solving the quartic was devised by Cardano’s student Lodovico Ferrari (1522–65). First, a simple substitution reduced the problem to that of the monic depressed quartic, which has the form x4 + ax2 + bx + c = 0. At this point Ferrari devised an ingenious substitution that in principle allowed solution of the problem. The difficulty that remains, however, is that the newly introduced variable y has to be chosen so that the discriminant of a certain associated quadratic is 0. In order for this to hold, y has to be the solution of a certain cubic equation. In this way, Ferrari had shown that provided that cubic equations could be solved, then so could fourth-degree equations.


Eventually, though, the line of manipulations and substitutions devised to find roots of polynomials becomes exhausted. The Ruffini–Abel Theorem proved that there is no formula for the roots of a fifth-degree (or higher) polynomial equation in terms of the coefficients of the polynomial, using only the usual algebraic operations (addition, subtraction, multiplication, and division) and application of radicals (square roots, cube roots, etc.). The modern development of the theory of roots of equations, however, stems from the efforts of Évariste Galois (1811–32), whose work led to an entirely new branch of abstract algebra known as group theory, which has dominated research in the subject ever since.


 
Chapter 6
 Algebra and the arithmetic of remainders
 This chapter features a new type of algebra, the arithmetic of remainders, which is both an ancient topic and one that has found a major contemporary application in Internet cryptography. We first say a little more about abstract algebra, as it forms the backdrop to the particular example types that you will meet in the remainder of the book.


Groups, rings, and fields
 The integers under the operation of addition, (ℤ, +), are a key example of what is known as a group. A group consists of an underlying set, which in the case of the integers is ℤ, coupled with an operation, addition (+) in this case, which allows two members of the set, a and b say, to interact and produce another member, a + b, of the same set. A group operation must be a binary operation, like addition, meaning that it involves two elements of the set. What is more, for a binary operation to be a group operation we insist further that the operation satisfies three particular conditions, all of which hold for integer addition: the operation, +, must be associative, i.e. a + (b + c) = (a + b) + c for any three members a, b, c of the set; there must be an identity element, denoted by 0, which has the property that a + 0 = 0 + a = a always holds; and, finally, each member a of the set must have an inverse element, denoted here by −a, that reverses the effect of adding a in the sense that a + (−a) = (−a) + a = 0, the identity element.


Integer addition also satisfies the commutative law in that a + b = b + a. Commutativity is not, however, part of the general definition of a group, but when the operation of a group G does respect the commutative law, we say that G is an abelian group, a term derived from the surname of Niels Abel (1802–29), who gave his name to the Ruffini-Abel Theorem mentioned in Chapter 5 in relation to the insolvability of fifth-degree polynomial equations.


From Chapter 7 onwards we will meet other examples of sets, in particular sets of matrices, which form groups with operations that are completely different from ordinary addition. However, because these new operations still satisfy the group axioms, any general results about groups will hold in these contexts as well, and this gives a pointer as to why groups and other abstract algebras are studied in full generality.


The payoff from this approach stems from the fact that whatever theorems and relationships come to light in the context of abstract algebra then apply to any particular algebraic object that obeys the rules in question. Mathematicians often seek out the widest setting in which key theorems hold, as that not only increases their scope but also gives a clearer understanding as to why they are true. For these reasons, you will find that textbooks on abstract algebra often refer to semigroups and groups, which are algebras with a single associative operation, while rings and fields, which are notions that we are about to introduce, are algebras with two operations linked via the distributive law. And there are more: lattices are algebras with an ordered structure, while vector spaces and modules are algebras where the members can be multiplied by scalar quantities from other fields or rings. Algebras themselves are also studied collectively. This holistic approach is known as universal algebra and its practitioners search for theorems that are valid for algebras of all kinds.


The integers under addition are an abelian group that we have been dealing with since childhood, which is why the group properties in this context are natural to all of us. However, right from the beginning, we work with two operations, addition and multiplication, when dealing with ℤ. For this reason we need to consider algebras like the integers and like the rational numbers, ℚ, which have a pair of binary operations, linked by the distributive law.


A commutative ring is a type of algebra, such as the integers ℤ, which possesses two operations, denoted by + and ⋅. Under the operation denoted by +, the set forms an abelian group. The multiplication operation too is associative and commutative but a ring is also required to satisfy the distributive law of addition, +, over multiplication, ⋅, namely that a ⋅(b + c) = a ⋅ b + a ⋅ c. A different kind of example of a commutative ring is the ring ℙ of all polynomials with, let us say, real coefficients, under the operations of polynomial addition and multiplication.


A field is a special type of commutative ring, an example being the rational numbers ℚ, where there is also a multiplicative identity, often denoted by 1 (an attribute that ℤ also possesses; for this reason ℤ is known as a unital ring), and every non-zero member a of a field has a multiplicative inverse, denoted by either a−1 or 1/a, such that a−1 ⋅ a = 1.


Our two extended number systems of the real numbers, ℝ, and the complex numbers, ℂ, both pass the test that earns them the title of a field. On the other hand, the collection ℙ of all polynomials with real coefficients form a commutative unital ring that is not a field.


In Chapter 2 we proved results such as a × 0 = 0 and that the additive inverse, −a, of a is unique. Although we were thinking of the letter a as an integer when conducting those arguments, the symbol a could have stood for any member of an arbitrary commutative ring, as the argument rests only on laws that apply in that context. It follows that these results apply in particular to the ring of polynomials, ℙ. Moreover, the Binomial Theorem holds in any commutative ring, so the symbols x and y in the binomial (x + y)n can stand for polynomials and the conclusion of the theorem is equally valid.


Although these are quite simple results, ℙ has more in common with ℤ, in that a form of the Euclidean Algorithm works for polynomials as well: for any polynomials p(x) and q(x), we may find a unique monic polynomial, g(x), which is a gcd of p(x) and q(x) in the sense that any other such common factor of p(x) and q(x) is itself a factor of g(x). This guarantees that the rings ℤ and ℙ share other more subtle algebraic properties concerning their internal make-up, known as their ideal structure, which will not be elaborated on further here but is central to their study.


We shall shortly be leaving these abstract considerations for the time being, but the idea to take forward is that various types of algebras have been defined where the collections under consideration need to satisfy a special set of algebraic rules. The reason why one particular arrangement of rules is the focus of attention is because certain important yet different collections of algebraic objects have been found to share these properties, and for that reason it is worthwhile studying particular types of algebra in full generality, groups, rings, and fields being three cases in point.


Before moving on, however, we make one more observation that particularly applies to the integers. Early in the piece we proved that any product involving zero is equal to zero: a × 0 = 0. Is the converse true? In other words, if a product of integers ab = 0, may we infer that at least one of the factors, a or b, must be 0?


In the case of the ring of integers, the answer is yes, and a commutative unital ring with this property is called an integral domain in recognition of this integer-like property. We can see this is true by observing that ℤ may be regarded as being embedded in its field of fractions, which is ℚ. If we have ab = 0 in ℤ then ab = 0 in ℚ as well, and then either a = 0 or, if not, we may multiply both sides of this equation by a−1 to obtain 
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 hence if ab = 0 then at least one of a and b is 0.


Although we cannot generally divide within an integral domain such as the integers, we can freely cancel because the characteristic property of an integral domain is just what is needed to guarantee this. Suppose we have ab = ac in an integral domain with a ≠ 0. Then ab − ac = a(b − c) = 0, and since a is not 0, it follows that b − c is zero, which is to say b = c, and so we may cancel the common factor a from both sides of ab = ac. Not every commutative ring enjoys this feature. As we shall see in the next section, there are commutative rings that are not integral domains (and so cannot be embedded into a field). Indeed, the members of these rings can be integers—the addition and multiplication operations, however, are a little different.


  Modular arithmetic: rules of engagement
 We now set out to establish the algebraic rules for the ring of integers modulo n. Modular arithmetic is often called clock arithmetic, as we imagine a clock face with n numbers, 0, 1, …, n − 1, and we do our arithmetic on that, meaning that whenever you go past n − 1 you return again to 0 in a fashion reminiscent of a clock, or of a turnstile, or of cycles of a calendar. That all sounds quite simple and inconsequential, but the opposite is true. Modern cryptography is based on clock arithmetic and if it were all simple, the codes that rely on it would be simple to crack, but they are anything but. The erratic and unpredictable way that remainders arise under division lies at the heart of it all. We begin by identifying where two integers are essentially the same from the point of view of our arithmetic clock.


We call two integers a and b equivalent or congruent modulo n if n|a − b, which is to say that a − b = kn for some integer k or, if you prefer, a = b + kn. Intuitively, a and b are equivalent if they represent the same time on the n-hour clock. We denote equivalence modulo n by the equation a ≡ b (mod n).


A third way of phrasing this notion, which is perhaps the most important, is that a ≡ b (mod n) if and only if a and b leave the same remainder when divided by n. For example, 22 ≡ 40 (mod 6) as both 22 and 40 leave the remainder 4 when divided by 6.


The congruence sign is meant to suggest something akin to equality, and this is borne out by the basic observations that a ≡ a (mod n), that if a ≡ b (mod n) then it is equally the case that b ≡ a (mod n), and, as with ordinary equality, that the congruence sign has the transitive property in that if a ≡ b (mod n) and b ≡ c (mod n) then a ≡ c (mod n), as all three numbers will necessarily leave the same remainder when divided by n. A consequence of these three properties is that congruence mod n partitions the integers into n equivalence classes, as they are called. For example, for n = 4 the four classes, are
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 so that −3 ≡9 (mod 4), 24 ≡ 0 (mod 4), and so on. The n classes of equivalence modulo n are often written as [0], [1], [2], …,[n − 2], [n − 1] and the representatives of each of these classes, 0, 1, 2, …, n − 1, are called the least residues modulo n, which is to say they are the n possible remainders when an integer is divided by n. Every integer lies in one and only one of these n classes.


Modular arithmetic is all about manipulating these least-residue classes and, given that they represent infinite collections, that may sound daunting. However, you are well used to the idea that a fraction such as 

[image: image] is equal to, or more accurately is equivalent to, any of an infinite number of fractions of the form 2m/3m. As long as we are confident in the rules that govern fractions, this causes no trouble. The saving grace is that there is a unique representative of a fraction, that being the fraction cancelled to its lowest terms, which we tend to work with where possible. At times, however, fractions that are not fully cancelled down arise during calculations. In much the same way, the least residue is the smallest non-negative number in its equivalence class modulo n, and we shall normally work with these representatives while being aware that sometimes it may be convenient to use other representatives instead.


We will, however, need to know the algebraic rules that govern our new arithmetic, which is what we now go about establishing.


The notation a ≡ b (mod n) is highly suggestive of ordinary equality, tempting us to indulge in the same kinds of algebraic manipulations we have worked with since our schooldays. If this were not the case, the choice of notation would not be appropriate. We will find, however, that the laws of modular arithmetic, although similar, are not identical to those of ordinary addition and multiplication.


We do not record complete proofs of all the results listed in this section. However, the claims, which all follow from the definition of congruence and elementary properties of number division, can be found in any textbook on number theory.


We begin with a simple observation, (a + c) − (b + c) = a − b, from which it follows that a ≡ b (mod n) if and only if a + c ≡ b + c (mod n), so that we may freely add any integer to both sides of a congruence, as these equations are often called (and so also subtract any integer). This fact ensures that whenever a ≡ b (mod n) is true, we may replace a + c by b + c in any congruence equation modulo n.


Other nice properties of congruences now follow, which can be justified by arguments like the previous one. For instance, if a1 ≡ a2 (mod n) and b1 ≡ b2 (mod n), then a1 + b1 ≡ a2 + b2 (mod n). This in effect now gives us an addition operation on the congruence classes, for it says that when we add two numbers modulo n, the class of the answer does not depend on which numbers are used to represent those classes in the sum. For example 
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We call this addition of classes via their representatives addition modulo n and write (ℤn, +) to denote the set of least residues {0, 1, 2, …, n − 1} under the operation, +, of addition modulo n. The additive identity of this number system is 0, and the operation + is commutative and associative. We thus have a fully fledged abelian group, as each a ∈ ℤn has n − a as its inverse because a + (n − a) = n ≡ 0 (mod n).


For multiplication, it follows in a similar fashion to addition that a ≡ b (mod n) implies that ac ≡ bc (mod n), and from this we deduce that a1 ≡ a2 (mod n) and b1 ≡ b2 (mod n) imply that a1b1 ≡ a2b2 (mod n). Hence, as with addition, we may replace any number in an expression involving multiplication by any other from its congruence class modulo n and the result is congruent modulo n to the original. Moreover, congruence classes may be multiplied together through their representatives, and the outcome is independent of which representatives we adopt. What is more, commutativity, associativity, and distributivity of multiplication all hold in consequence of these laws being valid for the integers. In conclusion, we now have a commutative unital ring with a multiplicative identity 1, that ring being denoted by (ℤn, +, ×).


In the previous section, it was pointed out that the ring of integers is also an integral domain, giving multiplication in ℤ the cancellation property. Is that property also inherited by its ‘image’ ℤn? The answer is in general ‘no’ because if n is a composite number, n = ab say, then neither a nor b is congruent to 0 modulo n but ab = n ≡ 0 (mod n). As a consequence, we cannot cancel freely: for example, 15 × 6 ≡ 11 × 6 ≡ 18 (mod 24) but we cannot cancel the common factor of 6 to conclude that 15 ≡ 11 (mod 24), for that is clearly false.


An important class of exceptions is that of the rings ℤp, where p is a prime, as here Euclid’s Lemma comes to the rescue: if ab ≡ 0 (mod p) then p|ab, so that p|a or p|b, which is to say a ≡ 0 (mod p) or b ≡ 0 (mod p), which says exactly that ℤp is an integral domain. Indeed, that makes ℤp a field, for any finite integral domain F is a field. (This is because the cancellation law tells us that for any non-zero a ∈ F, the list of products of the form ab cannot have repeats and so, by finiteness, must exhaust the whole of F: in particular, one product ab must equal the multiplicative identity 1, and therefore a does indeed have an inverse, namely this number b.) Hence, for any prime p, the integral domain ℤp is a finite field with p elements. It turns out that there are other finite fields (indeed, there is exactly one finite field for every prime power pn), but there are no others. This topic will be revisited in our final chapter.


Returning to the subject of the current chapter, the rings ℤn, there is nonetheless a form of cancellation that is valid across any congruence sign. Let d denote the gcd of c and n. Then ac ≡ bc (mod n) implies that a ≡ b (mod n/d). For example, from the equation 24a ≡ 60b (mod 93), we may wish to cancel the common factor of c = 12 in the congruence, while n = 93 = 3 × 31. Hence the gcd of c and n is d = 3, and we conclude that 2a ≡ 5b (mod 31). That is to say, you can be sure that 2a − 5b is a multiple of 31, but it is not necessarily a multiple of the larger, original modulus 93.


We close this section by drawing attention to one big advantage of arithmetic modulo n over the ordinary non-modular type, which is that since there are but n different possibilities to consider, important facts can often be verified simply by testing all the n numbers involved. For example, we now show that the sum of three squares, a2 + b2 + c2, never has the form 8k + 7.


To see this, instead of using the least residues 0, 1, …, 7 to represent the eight congruence classes, let us use the alternative set −3, −2, −1, 0, 1, 2, 3, 4, as this collection is simpler to deal with when squaring. Any square a2 equals modulo 8 one of 0, 1, 4; for example, if a ≡ −3 (mod 8) then a2 ≡ (−3)2 = 9 ≡1 (mod 8). It follows that the sum of three squares modulo 8 is equal to a sum of three of the numbers (with repeats allowed) from the list of possibilities of 0, 1, 4. We find that under these rules we can generate the numbers 0, 1, 2, 3,4 5, and 6 (for example, 6 = 1 + 1 + 4), but not 7. Therefore we conclude that for any three squares, a2 + b2 + c2 ≢ 7 (mod 8). A famous theorem in number theory is that any non-negative integer is the sum of four squares. The preceding calculation shows, however, that there are infinitely many positive integers, namely 7, 15, 23, 31, …, that are not the sum of three.


  Solving linear congruences
 Having described the general algebraic structure of the ring ℤn, we will now show how to solve linear equations in this ring: equations of the form ax + c ≡ d (mod n). Of course, there is no difficulty in subtracting c from both sides of this equation, and so the real question is how do we solve congruences of the form ax ≡ b (mod n)?


To witness the range of behaviour offered by even the simplest congruences, consider the near-identical trio 
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By testing each of the six possible values, we find that the first congruence has no solution at all, the second has a unique answer, 4, and the third equation has two solutions, namely 2 and 5.


The following theorem gives the number of solutions to ax ≡b (mod n). Let d stand for the gcd of a and n. There are no solutions to the congruence equation if d is not a factor of b, but if it is then there are d solutions.


This is consistent with what we have just observed about the three equations in (27). The first has no solution, as the gcd of the pair 3 and 6 is 3, which is not a factor of 2. In the second congruence, the gcd of 5 and 6 is 1, and of course 1 is a factor of 2 and our second equation indeed has exactly one solution. For the final equation, the relevant gcd is d = 2, the gcd of 4 and 6, and since 2|2 is certainly true, we expect and obtain two solutions here, all in accord with the general description provided by thetheorem.


To see that we must have d|b in order to have a solution, let us suppose that ax ≡ b (mod n), whence ax − b = kn, say, or, making b the subject, b = ax − kn. It follows that any common factor of a and n must divide b also, and in particular this is true of d, the gcd of a and n.


As was implicitly shown in Chapter 3, a linear equation ax = b in a field has a unique solution, x = a−1b, so let’s begin with the case where n is a prime, for here we know from the previous section that ℤn is indeed a field.


The solution is formally given by x = a−1b, but the question remains as to how to find a−1. Let us take an example, 6x ≡ 14 (mod 31). Since 31 is prime and we are working in a field, we may indeed cancel and simplify to 3x ≡ 7 (mod 31). The simplest way to solve this is now to add multiples of the modulus to the RHS until we can cancel the remaining coefficient of 3, and so we consider the sequence 7, 7 + 31 = 38, 38 + 31 = 69, …. We now get the answer from 3x ≡ 69 (mod 31) and so x ≡ 23 (mod 31), which is to say that 23 is the unique least-residue solution to our original congruence.


In the case of a composite modulus, however, there may be more than one answer, as we saw with (27). However, the congruence can be solved by adding multiples of the modulus to the RHS until the coefficient of x has been cancelled down to 1. (The argument that justifies this claim is based on working the Euclidean Algorithm in reverse.) The full set of solutions then consists of the fundamental solution, x say, to which we may add multiples of n′ = n/d until we have the full suite of d solutions, as is illustrated in the next two examples.


For 4x ≡ 2 (mod 6), we have d = gcd(a, n) = gcd(4, 6) = 2. We may cancel the 2 to get 2x ≡ 1 (mod 3) ⇔ 2x ≡ 4 (mod 3) ⇔ x ≡ 2 (mod 3). The full set of least-residue solutions to the original congruence then consists of the fundamental solution, in this case x = 2, to which we may add d − 1 = 2 − 1 = 1 further solution, that being 
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A more challenging example is 
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Here, a = 30, b = 24, n = 57, d = gcd(30, 57) = 3 and so 
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Since 3|24, we cancel accordingly and obtain 10x ≡ 8 (mod 19). We now have a prime modulus with a unique solution and we may freely cancel again to obtain 5x ≡ 4 (mod 19). We look through the sequence 4 + 19n to find a multiple of 5: 
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Hence 5x ≡ 80 (mod 19), whence x ≡ 16 (mod 19). Since d = 3, we have three solutions all told, and since n′ = 19 these are 16, 16 + 19 = 35, and 35 + 19 = 54.


 
Chapter 7
 Introduction to matrices
 Matrices represent the central algebraic vehicle for advanced computation throughout mathematics as well as in the physical and social sciences. Their introduction in the second half of the 19th century made mathematicians aware that there were important algebraic systems apart from number fields, and their study stimulated the growth of abstract algebra in the early 20th century.


Matrices and their operations
 The word ‘matrix’ has a number of meanings in science as one kind of aggregation or another. Its meaning in mathematics is more akin to its use in the film The Matrix, where the characters inhabited a virtual world that was coded as an enormous binary array on a gigantic computer. Indeed, a matrix is simply a rectangular array of numbers of some kind: for example, 




[image: image]


These two matrices, A and B, both have the same size in that each has 3 rows and 5 columns, but a matrix may have any number of rows, m, and columns, n. The matrices A and B are therefore 3 × 5 matrices; an n × n matrix is naturally called a square matrix.


There are some natural and simple operations that can be performed on matrices. First there is scalar multiplication, where all entries in a matrix are multiplied by a fixed number: I am sure the reader can write down the matrices 2A and −3B without difficulty. Two matrices of the same size may be added (or subtracted) by adding (or subtracting) the corresponding entries to form a new matrix of the same size as the original pair. Indeed, we can form linear combinations of the form aA + bB for any multipliers a and b. For example, 
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 for instance, the entry at position (3, 1), meaning the third row and first column, is given here by 2(1) − 3(−1) = 2 + 3 = 5.


This is all very simple, and it is fair to ask why we would want to look at this idea at all. What problems are we hoping to solve by introducing these arrays?


What makes matrices important is the way they are multiplied, for this is a completely new operation that arises in a host of problems involving many variables, which is a feature of complex, real-world situations. Before we move on to that it is worth noting, however, that the definition above allows matrix addition to satisfy the commutative and associative laws, as for m × n matrices A, B, and C, 
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Both these facts are immediate consequences of the corresponding laws holding for ordinary numbers. Also, for scalars a, b, and c we have the rules 
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None of this is surprising, but it does give notice that the laws of algebra can be applicable to algebraic systems other than various number fields such as ℚ and ℂ.


Matrix ideas have a very long history. The ancient Chinese text The Nine Chapters on the Mathematical Art (compiled around 250 bc) features the first examples of the use of array methods to solve simultaneous equations, including the concept of determinants (the subject of Chapter 9). The idea first appeared in Europe in Cardano’s 16th-century work Ars Magna, mentioned in Chapter 5 in connection with the solution of the cubic.


From about 1850, the British mathematician James Sylvester did much to establish matrix and determinant theory as a branch of mathematics in its own right, along with his friend Arthur Cayley, who first introduced the formal notion of a group. In the 20th century, matrix theory arose irresistibly in many branches of mathematical physics, particularly in quantum mechanics.


To motivate matrix multiplication, we write our example of a 2 × 2 set of linear equations from Chapter 3 in matrix form. Since the problem is determined by the coefficients of the unknowns together with the right-hand sides of the equations, we isolate the coefficient matrix and write the pair of equations as a single matrix equation in the following fashion: 
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In order that our matrix equation represents a matrix product, we require that 
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Regarding the RHS as the product of the two matrices on the left, we see that the first entry, −2x + 5y, is equal to −2, the first entry of the first row of the first matrix, times the first entry of the column matrix 

[image: image], plus the second entry, 5, of the first row times the second entry of the column matrix. On the other hand, 3x + 4y is the result of adding the first entry of the second row of the 2 × 2 matrix times the first entry, x, of the column plus the second entry of the second row times the second entry of the column. This is how matrix products are formed in general, as a sum of products of rows of the first matrix times columns of the second. For that to work, we need the length of the rows of the first matrix to match the length of the columns of the second. Another way of putting this is to say that the number of columns of the first matrix must equal the number of rows of the second.


Having said that, we make this precise as follows. Let A be an m × n matrix and B an n × k matrix. The product C = AB will be an m × k matrix, which is to say the product has the same number of rows as A, the matrix on the left, and the same number of columns as the second matrix, B, on the right. A matrix with just one row is called a row vector and, similarly, a one-column matrix is a column vector.


The next example is of a 2 × 3 matrix, A, multiplied by a 3 × 2 matrix, B, resulting in a 2 × 2 product matrix: 
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For example, the entry in the top right-hand corner of the product is 4, which comes from taking the so-called scalar product (or dot product) of the first row of A and the second column of B: 1 × (−2) + (2 × 3) + (−1 × 0) = −2 + 6 − 0 = 4.


Let us now compute the reverse product: 
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This example shows that matrix multiplication spectacularly fails the commutative law. The matrices AB and BA are certainly unequal, for they do not even have the same dimensions. And this bad behaviour is not just a feature of oblong matrices. If you write down two square n × n matrices A and B, then both AB and BA will also be n × n matrices but they will otherwise probably be quite different from one another.


The general description of the matrix product is as follows. Let A = (aij) be an m × n matrix, meaning that the entry in row i and column j is aij. Similarly, let B = (bij) denote an n × k matrix. Then the product C = AB has entries (cij), where cij is the scalar product of row i of A and column j of B, which is the number 




[image: image](30)


The equation (30) says that cij equals the first entry of row i of A times the first entry of column j of B, plus the second entry of row i times the second entry of column j, and so on.


There is something slightly peculiar about the product BA in (29). If we label the row vectors of BA from top to bottom as r1, r2, and r3, you will notice that 

[image: image], where 0 = (0, 0, 0) is the zero vector. We say that the row set of BA is dependent, in that one row can be expressed in terms of the others: for example, here we might write 

[image: image]. This is an instance of a general phenomenon, as we next explain.


For any matrix M, the row rank of M is the maximum number of rows we can locate in the matrix that form an independent set, meaning that no row is equal to a linear combination, which means a sum of multiples, of the other rows. Of course, we can replace the word ‘row’ in this definition by ‘column’ and in the same way define the column rank of M. For example, the first two rows of BA are independent as neither is a multiple of the other, but, as we have seen, the three rows do not form an independent set, as r1 is a linear combination of r2 and r3. Hence the row rank of BA is 2.


A remarkable theorem says that the row rank and column rank are always equal, and this common value is naturally called the rank of the matrix. What is more, you cannot create independence from dependence, by which is meant that the rank of a matrix can never be increased by taking its product with another matrix, or to put it in symbols, 
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In particular, since our 3 × 3 matrix can be factorized as a product of matrices that have rank at most 2 (because the first only has two columns and the second just two rows), it follows that BA must also have rank no more than 2. Indeed, as we have already noted, rank(BA) is 2.


Before closing this section, however, we hasten to point out that matrices do obey other laws of algebra. Importantly, multiplication is associative and is distributive over addition, so that for any three matrices A, B, and C we have that whenever one side of each of the following equations exists, then so does the other and they agree: 
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Each of these laws is a consequence of the corresponding law holding over the field of real numbers. The distributive law is easily checked, but associativity of multiplication is less obvious. Careful calculation of the entry in a typical position in each product reveals, however, that the product ABC is independent of how you bracket it, and this is ultimately a consequence of associativity of ordinary multiplication.


  Networks
 One of the most direct and fruitful lines of application of matrices and their multiplication is to the representation of networks. For example, consider the network in Figure 13, where the four nodes represent cities A, B, C, D and we have drawn an edge joining two nodes if an airline flies on that route. Note that two airlines fly between cities A and B, each represented by an edge in the network.




[image: image]13. Network of cities and airline routes.




It is possible to distil all the information of a network N into what is called the incidence matrix, M, of N. We simply number the nodes in some way; here we follow alphabetical order, and write down what is in this case a 4 × 4 matrix where the entry at position (i, j) is the number of edges connecting node i to node j. Look at what happens when we write down M and calculate its square: 
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The entries of the matrix product, M2, tell you how many ways there are of travelling from one city to another via a third. For example, there are two ways of getting from D to B (via A). There are five return trips to B (one through D, but there are 2 × 2 = 4 via A as you have two choices of airline for each leg of the journey). In much the same way M3, M4, and, generally, Mn, are matrices whose entry at position (i, j) tells you the number of paths of length n from i to j. Since we are assuming that our edges allow passage equally in both directions, incidence matrices like M and its powers are symmetric, meaning that the entries at (i, j) and (j, i) always agree. But why does matrix multiplication automatically keep track of all this?


Ask yourself how we would count the total number of ways of going from a node i to a node j in a network via any choice of a third node k. For any particular choice of the intermediate node k, we would count all the edges between i and k (which might be zero) and multiply that number by the number of edges from k to our target node, j. This tells you how many paths of length 2 there are from i to j via k. We would then sum these numbers over all possible values of k to find the total number of paths of length 2 from i to j. However, that is exactly the sum that you work out to calculate the entry at (i, j) in the matrix product M2 when you form the product of row i with column j.


Incidence matrices of various types are used to capture information about networks, and algebraic features of these matrices then correspond to and allow calculation of special features of the network. Indeed, network theory is one of the major applications of linear algebra, which is the branch of the subject that is largely represented by matrices and matrix calculations.


For example, we next explain the Kirchhoff matrix K of a network N. First, we define the degree of a node A in a network N to be the number of edges attached to A. In our network of Figure 13, for example, A has degree 4. In fact, the degree of the ith node must equal the sum of the ith row of M (and equally, by symmetry, the sum of the ith column). For a network N with n nodes, let D be the n × n matrix consisting entirely of zero entries except down the principal diagonal, which is the diagonal of the matrix from top left to bottom right, with the diagonal entry at (i, i) being the degree of the ith node. For the network N of our running example, we may write D = diag(4, 3, 1,2), where the notation is self-explanatory. Quite generally, we call a square matrix D a diagonal matrix if its non-zero entries lie exclusively on the principal diagonal. We now define the Kirchhoff matrix K of N to be D − M. In our example, this gives
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Note that in any Kirchhoff matrix, the sum of the entries in each row, and by symmetry in each column, is 0.


Through using K it is possible to compute the number of so-called spanning trees in the network N. A tree is a network that contains no cycles but in which there is a path between any two nodes: equivalently, a tree is a network in which there is a unique path between any two nodes. A spanning tree of a network is a tree within the network that contains all of the nodes. For example, the path C–A–D–B represents one spanning tree in N, and the reader should be able to find four others. The matrix K allows you to count the number of spanning trees in N without having to write down all the trees explicitly. To explain how K does this requires the notion of the determinant of a matrix, which is the subject of Chapter 9, where we will revisit this problem.


  Geometric applications
 Another application of matrices is to the geometry of transformations. We may use any given 2 × 2 matrix A as a means to create a mapping of points P(x, y) in the Cartesian plane by writing the coordinates of P as a column vector, known in this context as a position vector, and multiplying that vector on the left by A to give a new point. For example,
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In this instance, the matrix rotates each point (x, y) through 90° anticlockwise about the origin to the point (−y, x) (Figure 14).




[image: image]14. Geometric action of a matrix transformation.




The transformations of the plane, also known as mappings, which we can create in this way have very special properties that are a consequence of the algebraic laws that matrices obey.


We first describe these transformations in general without reference to matrices. For convenience, we write the column vector 

[image: image] as x and, in general, typical column vectors will be denoted by bold letters. A transformation L of the points of the plane is called linear if for any two (column) vectors x and y and for each scalar (i.e. real number) r, the following two rules hold: L(x + y) = L(x) + L(y) and L(rx) = rL(x). Indeed, these rules can be combined into one single rule, that being that for any two vectors x and y and any two scalars r and s, 
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If we let L stand for a 2 × 2 matrix, these rules are satisfied, so that multiplication by such a matrix furnishes a source of linear transformations. More surprisingly, the converse is true: any linear transformation can be realized as multiplication by a suitable matrix, for we proceed as follows. The action of a linear transformation is determined by its action on the two basis vectors 
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 for let us suppose that 
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Then, since L is linear, we obtain the following through using (32), with x and y now denoting the multiplying scalars: 
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Hence any linear transformation of the plane can be realized by multiplication by a matrix A, the columns of which are the images of the two basis vectors b1 and b2 under L, written in that order.


What is interesting is that if we compose linear mappings, which is to say act with two or more in succession, the outcome is again a linear mapping. This can be verified by working with the abstract definition (32), or we can see it by noting that the composition of two (or more) linear mappings can be realized by multiplying by each of the matrices A and B which represent each linear transformation, one after the other. The bonus here is that, by associativity of matrix multiplication, this composition can be realized by taking the product of the matrices, as B(Ax) = (BA)x. The upshot of this is that, no matter how many linear transformations we act with, we can find a single matrix that has the effect of acting with each of these transformations in turn, in the order that we specify, by taking the corresponding product of matrices.


Two ways in which linear transformations come about are by rotations of the plane about the origin through a fixed angle, and by reflection in a line through the origin. For example, let us find the matrix that has the effect of the following three actions. For each point P(x, y) in the plane, reflect P in the line y = −x, then rotate the resulting point through 90° clockwise about the origin, and finally reflect that point in the x-axis. To find the single matrix that does all this, we need to take the product of the matrices for each of these three transformations, with the first of them on the right and the final one on the left. The three matrices and their product are
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 where we have performed the matrix multiplications from left to right. This matrix has the effect that 
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 which represents a half turn (180°) about the origin and so that is the net effect of the three transformations. (The symbol ↦ is read as ‘maps to’.)


An important insight stems from how the general linear transformation represented by the matrix 
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 acts on the unit square with corners at the origin, O = (0, 0), and the points (1, 0), (0, 1) and (1, 1). The origin remains fixed while the other three vertices are sent to (a, c), (b, d) and (a + b, c + d), respectively (Figure 15).




[image: image]15. Matrix acting on the unit square.




The unit square is then mapped to this parallelogram, the area of which can be shown to equal |ad − bc|. The quantity Δ = ad − bc is known as the determinant of A and it tells us by how much the area of any figure in the plane is magnified (or contracted) when acted on by A. If Δ < 0 then A also reverses the orientation of the figure, in that if a triangle has vertices P, Q, and R, in that order when traced in the anticlockwise direction, then the image triangle will have the respective vertices P′, Q′, and R′ oriented clockwise: it will not be possible to place the original triangle onto its image without breaking out of the plane and flipping it over.


For example, consider our matrices 
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 so that R rotates each point through 90° anticlockwise about the origin while S reflects each point in the x-axis. The matrix R does not alter either the area or the orientation of a figure, and so its determinant is det(R) = (0 × 0) − ((−1) × 1) = 0 + 1 = 1. On the other hand, although S does not change areas either, S does swap orientation and this is manifested in the value of its determinant: det(S) = 1 × (−1) − 0 × 0 = −1.


The special case where Δ = 0 is when ad = bc, which occurs if a/c = b/d. In this case the two position vectors from the origin that make up the columns of the matrix both point along the same line through the origin with a common gradient, c/a, and the image parallelogram degenerates to a line segment. The image of any shape is then collapsed along this line and so the area of that image is 0. It remains the case, however, that the absolute value of the determinant of A, |Δ|, is the multiplier of area under the transformation defined by A.


This meeting of the algebraic and geometric worlds is important and we can already see an interesting theorem on offer. If we act with two linear transformations in turn, represented by matrices A and then B, then areas will be multiplied by the multiplier of A followed by that of B, which of course must be the multiplier of the product matrix BA. Moreover, the sign of det(BA) will be the product of the signs of det(A) and det(B), as BA will preserve orientation if both mappings preserve or both reverse orientation but not otherwise. The upshot of this is that the determinant of a product of two square matrices equals the product of their determinants, and since det(A) det(B) = det(B) det(A) we may write 
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From an algebraic viewpoint, this may seem surprising. It is true nonetheless, extends to higher dimensions, and can be explained in algebraic terms. It is the geometric interpretation, however, that renders the result transparent and, we might even say, ‘obvious’.


 
Chapter 8
 Matrices and groups
  Inverses and groups
 Curiosity demands that we persevere with our example of geometric matrix products to see what happens when we compose the mappings involved. Specifically, let R now denote the transformation that rotates each point about the origin through one quarter turn (90°) anticlockwise, and let S denote reflection in the x-axis. Using our matrix representation, we then have 
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We look to find the transformations that can be generated by R and S, meaning the mappings that we can produce by composing R and S with each other, in any order, and any number of times.


First it is clear that, since S is a reflection, if we act with S and act with S again (we write this as S2), the net effect is to return every point to its original position. In terms of matrices, we have 
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 and this latter matrix is called the identity matrix, denoted by I. The effect of multiplying I by any column vector is to return the same column vector, and so we say that I represents the identity transformation that leaves every point fixed. More generally, we speak of the n × n matrix I = In, which is the diagonal matrix with a principal diagonal that consists entirely of 1’s. For any matrix A of a size that allows matrix multiplication, we always have AI = A = IA, so that I behaves with respect to matrix multiplication like the multiplicative identity 1 does with respect to ordinary multiplication.


In symbols, we have that S2 = I and we say that S is its own inverse matrix. In general, for a square matrix A, we say that another square matrix B is the inverse of A if AB = BA = I and we write B = A−1 for, it exists, the inverse of A is certainly unique. To see this, suppose that we had two inverses, B and C, of A, so that BA = CA = I. By multiplying this equation on the right by B we then get 
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It follows from the symmetry of the definition that A is equally the inverse of B, and so A = B−1 also.


However, not every square matrix has an inverse: for example, a square zero matrix Z, which is a matrix where all entries are 0, cannot have an inverse, as for any matrix A of the same size we have ZA = AZ = Z: Z is the matrix analogue of the number 0. However, there are also other singular matrices, which mean matrices without inverses, and we shall have more to say about this.


We can see directly, however, that our matrix R does have an inverse. We only need ask ourselves, how can we undo the effect of acting with R? Since R represents an anticlockwise quarter turn, we just need the matrix that turns the plane through a quarter turn in the clockwise direction. We can also achieve this by turning through three quarters of a full turn in the anticlockwise direction. The reason to draw attention to this alternative is that this latter transformation will come from acting with R three times or, in terms of our new notation, R−1 = R3: 
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We have thus discovered that while there are just two distinct powers of S, there are four for our rotation R, giving us a group of transformations (for it will transpire that it is a group), that being H = {I, R, R2, R3}.


Recall from Chapter 6 that a group is a set, together with an associative binary operation, which possesses an identity element with respect to which each member of the group has an inverse. In the case of H, the operation is composition of transformations or, equivalently, multiplication of the corresponding matrices. Matrix multiplication is indeed associative, the identity element I is represented by the identity matrix, and, crucially, each member A of the set possesses an inverse, A−1, as we shall now check.


In the case of H, I is self-inverse (which is always the case), as is R2 for we have R2 ⋅ R2 = R4 = I, and we have already noted that R ⋅ R3 = I, showing that R and R3 are mutual inverses. Therefore H is an example of a group. However, H is simply a 4-cycle meaning that H just consists of four powers of R, with R5 = R, R6 = R2, and so on, and therefore H is a copy of ℤ4, the group of integers modulo 4. Nonetheless, H is a part of (we say H is a subgroup of) a larger eight-element group, D. The other four members of D can be generated by taking the product of each member of H with S, which gives {S, RS, R2S, R3S}. By calculating the matrices representing each of these four mappings or by considering their geometric actions, we can see that each of these products represents a reflection in a line through the origin. Specifically, S, RS, R2S, R3S correspond to reflections in the lines y = 0, y = x, x = 0, and y = −x respectively, these four reflections being self-inverse mappings. (Rotating each of these lines by 45° anticlockwise takes you from one to the next.)


 Table 1. Multiplication of the group of symmetries generated by R and S.




[image: Table_Image] 
However, no more than these eight mappings may be obtained, so it follows that D forms a group of transformations, with each of the four reflections being self-inverse. The table of the group operation is displayed in Table 1, where the entry at position (i, j) in the body of the table is the product αβ of the matrix α in row i times the matrix β in column j.


Any product of any length is equal to one of these eight mappings. Indeed any product, however long, can be simplified to one of the eight given forms by using just the rules R4 = S2 = I and SR = R3S. Group theorists would say that the group D is presented by the generators R and S, subject to these three relations. For example, making free use of these equations, we get
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A key observation about D, known as the dihedral group, is that its operation is not commutative: SR = R3S ≠ RS. A more general observation that applies to every group is that its table of products displays the Latin square property, meaning that every row and every column features each member of the group exactly once. These facts help us complete the table.


The cyclic group H has been seen before in another guise, for the powers of the imaginary unit i are four in number, i.e. G = {1, i, −1, −i}, and correspond to the list H = {1, R, R2, R3 = R−1} in that order: we say that the two groups G and H are isomorphic and that the correspondence 1 ↦ 1, R ↦ i, R2 ↦ −1, R−1 ↦ −i is an isomorphism between G and H, meaning that their tables of products are identical under this renaming of elements.


The purpose of the word ‘isomorphism’ is to convey the fact that although the two groups are different, the first being a collection of complex numbers under multiplication while the second is a group of rotations under the operation of composition, the two groups are essentially the same as regards their algebraic structure. This is not a mere coincidence, as multiplication by the imaginary unit i acts to rotate each number in the complex plane through a quarter of a turn about the origin. To see this we need only note that for any complex number z = x + iy, we have iz = xi + i2y = −y + ix: in terms of points in the Argand plane, (x, y) ↦ (−y, x), and the latter is the point we arrive at by turning (x, y) through 90° anticlockwise about the origin. This link lets us identify multiplication by i with a turn of one right angle in the plane, thereby reaffirming the fundamental nature of the imaginary unit.


  Matrix inverses
 If a collection of matrices represent the elements of a group, such as the eight matrices that represent the dihedral group D, then each of these matrices A will have an inverse A−1, such that AA−1 = A−1A = I, the identity matrix. This prompts the twin questions of when the inverse of a square matrix A exists and, if it does, how to find it. First we make a few simple observations about inverses in general.


A very useful rule is that the inverse of a product of two square matrices is the product of the inverses in inverse order, which is to say that (AB)−1 = B−1A−1, as is verified at once from the definition: 
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It is worth noting that the manipulations represented by (33) hold in any group: the inverse of a product is the product of the inverses with the order reversed. It is important to respect this reversal of order, as for matrix multiplication, and for group products in general, order matters.


There is an important but simple operation akin to taking the inverse that applies to any matrix A, which is that of taking its transpose, AT: the rows of AT written from left to right are the columns of A written from top to bottom. (It is sometimes convenient to write a column vector using the transpose symbol, for example (2, −1, 4)T). As an example, 
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We are entitled to use the double arrow ‘⇔’ in (34) as, just like for a square matrix A it is the case that (A−1)−1 = A, it is true quite generally that (AT)T = A. What is a little less obvious is that the taking of the transpose also obeys the rule (AB)T = BT AT. As we have mentioned previously in connection with incidence matrices of networks, a matrix that equals its own transpose is called symmetric: a symmetric matrix is necessarily square and is one that satisfies aij = aji throughout.


Suppose now that we have n equations in n unknowns, x1, x2, … , xn. We may represent this system by a single matrix equation, Ax = b, where x represents the column of unknowns, b represents the RHS of the equation set, and A is the n × n coefficient matrix. If we already possessed the inverse, A−1, we could solve this system immediately by multiplying both sides of the equation on the left by A−1, for that gives A−1 Ax = A−1b ⇒ x = A−1b. On the other hand, we have the elimination technique to solve such a system, which suggests that we might seek to use that to find how to invert our matrix A.


The operations deployed in the elimination method used to solve a set of simultaneous linear equations affect the coefficient matrix in one of three ways:


1. Multiply a row by a non-zero constant a.
2. Interchange two rows.
3. Add a multiple a of one row to another.


Each of these row operations, as they are called, can be effected by multiplying on the left by a suitable matrix. The following examples illustrate this: 
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For any 2 × 2 matrix A, the product BA outputs A with its second row multiplied by a, C A is the same as A but with the rows interchanged, and multiplying A on the left by D adds a times the second row of A to the first row of A. Specifically, for this last example, 
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In general, we get the row matrix that effects a particular row operation by applying that row operation to the identity matrix I. Although there is no need to introduce these elementary row matrices in any practical calculation, there is an important consequence to their being there. Suppose that we reduce A to I by a sequence of row operations that have row matrices M1, M2, …, Mm−1, Mm, say, so that we have (MmMm−1 … M2M1)A = I. It follows that the product of the matrices preceding A must equal A−1. We can, however, find A−1 from this analysis without writing down the matrices Mi explicitly. The scheme is often expressed in the following fashion: 
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 where the arrow represents row reduction of operations applied to A to reduce it to I. The n × 2n matrix on the left is known as the augmented matrix of A. Since the row operations used are executed on both the left-hand portion, A, and the right-hand portion, I, of the augmented matrix, the net effect on I will be to multiply it too by A−1, so that the right half of the augmented matrix is indeed transformed into A−1I = A−1, as the scheme suggests.


To illustrate this method, we find the inverse of the 3 × 3 matrix forming the left-hand portion of the augmented matrix below, so that [A|I] in this case is given by 
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We begin by pivoting on the top left-hand corner, meaning that we clear all other entries in the first column by means of the row operations R2 ↦ R2 − 3R1 (meaning that row 2 is replaced by row 2 minus 3 row 1) and R3 ↦ R3 − 3R1 to give 
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 where we pass to the second matrix by pivoting on the second diagonal entry via the operations R1 ↦ R1 − R2 and R3 ↦ R3 − 3R2. Note that this does not alter any entry in the first column, as only the pivotal entry of the first column is not zero—in this way, the process moves forward and we do not resurrect non-zero entries where they are unwanted. Finally, we clear above the third diagonal pivot to reduce the left-hand portion of the matrix to I3 using the operations R1 ↦ R1 + R3 and R2 ↦ R2 − 2R3, to obtain 
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It may be readily checked that AA−1 = I, and readers are now in a position to practise some examples of their own, but be warned: the previous example is especially nice—it is rare for a matrix and its inverse to consist entirely of integers. During your calculation, you may sometimes avoid fractions by pivoting on diagonal entries that are not 1, but, of course, if the answer has fractions in it they are bound to make their appearance sooner or later. An integer matrix (one with all integer entries) has an integer matrix inverse if and only if its determinant is ±1: we shall justify this claim in Chapter 9. However, necessary and sufficient conditions for a square matrix A to possess an inverse may be given just in terms of the notion of rank, which we introduced in Chapter 7, and we can now outline how this comes about.


A square matrix A is invertible if and only if A is of full rank. If A is not of full rank, we can use the dependency within the rows to reduce A by row operations to a matrix C with a row of zeros, and such a matrix must be singular, as that row of zeros will persist in any product of the form C B and so cannot give the identity matrix. Since each row operation is invertible, it can be inferred that A too has no inverse and so only matrices of full rank are invertible.


Conversely, any square matrix A of full rank can be inverted. This is because in that case the reduction process that takes [A|I] to [I|A−1] will never get stuck—the fact that A is of full rank ensures that a zero that arises in a pivot position can be exchanged for a non-zero entry and the process will continue, eventually yielding the inverse of A in the reduced augmented matrix [I|A−1]. Therefore, provided that A is of full rank, its inverse exists and may be found in this way. In the next chapter we shall see that another characterization of invertibility is possible in terms of a single number associated with the matrix, its determinant.


 
Chapter 9
 Determinants and matrices
  Determinants
 To further address the general question of matrix invertibility, we begin with an analysis of the case of a 2 × 2 matrix A. Supposing that A may be inverted, it follows that A has no column of zeros, so that, by swapping the first and second rows if necessary, we may assume that the entry a in the top left-hand corner is not 0, in which case we can clear below it and begin the process of creating the inverse by the operation R2 ↦ R2 −(c/a)R1: 
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To proceed further, we will seek to clear the entry b at position (1, 2) down to 0 by a suitable subtraction of the second row from the first, and this will involve the reciprocal of the entry now at position (2, 2) of our matrix. In particular, we will need to divide by the quantity Δ = ad − bc, which we recognize as the determinant of A that we met in Chapter 7. Clearly, we therefore require that Δ ≠ 0 to proceed to this stage, for otherwise the matrix we are trying to invert will have a zero second row. It is worth noting that the condition Δ ≠ 0 includes the one we have already noted, that at least one of a and c is non-zero, for otherwise ad − bc = 0 − 0 = 0.


Assuming that the determinant is not 0, we may get the diagonal entries reduced to 1 via the operations R1 ↦ (1/a)R1 and R2 ↦ (a/Δ)R2; finally, we render the left portion of the augmented matrix as I2 by the operation R1 ↦ R1 − (b/a)R2 to yield 
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However, the term at position (1, 3) simplifies to 
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 and so, provided that Δ ≠ 0, we may take the common denominator Δ outside the matrix to reveal the inverse of A: 
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And this is representative of the general situation: the augmented matrix method will yield the inverse, A−1, of a square matrix A unless the determinant of A, often written as Δ = |A|, is equal to 0, in which case no inverse exists. However, we have not yet explained what this number Δ is in the case of a general square matrix, and before we do we explore a little further.


In three dimensions, the absolute value of the determinant, det(A), of a linear transformation represented by a matrix A is the multiplier of volume. The columns of A are the images of the position vectors of the sides of the unit cube, b1 = (1, 0, 0)T, b2 = (0, 1, 0)T, b3 = (0, 0, 1)T, and they define a three-dimensional version of a parallelogram, a parallelepiped, the volume of which is |det(A)|, with the orientation of the figure being reversed if Δ < 0.


But how do we define the determinant of a 3 × 3 matrix? First we shall explain how it is calculated and then return to the question as to just how it is defined. The value of det(A) is found in a certain prescribed fashion based on any row or any column of the array. Choosing to work from the first row of the matrix, we multiply each entry by the 2 × 2 determinant of the four entries that remain when we cross out the row and column of that entry, and then sum these three numbers with alternating signs. (The sign associated with each position is as indicated in the alternating pattern in (36).) For example, using the alternative notation |A| for det(A), we have
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To emphasize the point that we may use any row or column, we calculate this determinant again, this time using the second-column expansion:
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What is more, the pattern of definition extends to 4 × 4 and, in general, n × n matrices A in that |A| may be calculated using any row or column and taking the sum of each signed entry multiplied by the determinant of the minor (n − 1) × (n − 1) matrix that results from deleting the row and column of the entry.


The reader may like to try their hand on the 3 × 3 matrix (29) in Chapter 7. However, since that matrix is not of full rank, we know in advance that its determinant must be 0. A similar remark applies to the 4 × 4 Kirchhoff matrix K, also featured below. Since the sum of the rows of any Kirchhoff matrix is the zero vector, such a matrix K is not of full rank and therefore has a determinant of 0.


The reason why a determinant computation is independent of the line in the matrix on which the calculation is based looks very mysterious and so stands in need of some explanation. In each case the result of the computation turns out to be the following particular sum. The determinant Δ of an n × n matrix A = (aij) is a certain sum of signed products of the elements of A. The products concerned are all of length n and are formed by taking one member from each row and each column: there are n! such products, for in forming them we have n choices from the first row, but only n − 1 from the second (as we cannot repeat a column), n − 2 from the third row, and so on.


The accompanying sign is determined as follows. Each product defines a permutation, which is to say a reordering, of the numbers 1 to n by which i ↦ j if aij is the entry in the product chosen from row i. The associated sign of the product is then + or − according as that permutation can be effected by an even or by an odd number of transpositions, a transposition being a permutation that simply swaps the order of two positions.


For the case of n = 2 with entries as above we have 2! = 2 terms, which are ad and bc. The permutation associated with ad is then 1 ↦ 1, 2 ↦ 2, as a is in position (1, 1) and d in position (2, 2). This is the identity permutation that requires zero transpositions, and so is even, and the sign accompanying the product ad is +. On the other hand, the permutation of the term bc is the transposition that swaps 1 and 2 (as b is at position (1, 2), so that 1 ↦ 2, and c is at (2, 1), so that 2 ↦ 1). Since the number of transpositions used is odd, the associated sign is −. This gives the expected result that Δ = ad − bc.


For a general 3 × 3 determinant there are 3! = 6 possible products, and we obtain 
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 for instance, the permutation associated with the term bdi is 1 ↦ 2, 2 ↦ 1, and 3 ↦ 3, which corresponds to a single transposition that swaps 1 and 2; this therefore has an odd number of transpositions, so that bdi carries a minus sign.


As an application of determinants to networks, we return to the Kirchhoff matrix K of the network N in the example in Chapter 7: 
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A Kirchhoff matrix has the special property that, up to sign, the determinant of each cofactor matrix, which is a submatrix of K that comes from deleting any row and any column, always has the same value. What is more, that number tells you exactly how many spanning trees are possessed by the associated network. For example, after deleting the first column and bottom row, we are left to compute: 
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 where we have computed the 3 × 3 determinant by expansion of the bottom row (because of the convenience granted by the two 0 entries). The number of spanning trees of our network N is then 5, as mentioned in Chapter 7.


In general, the determinant of all the 3 × 3 cofactor matrices of K will be ±5, with the sign associated with each entry being opposite to that of all of its neighbours, in accord with the pattern of signs indicated in (36). Each 3 × 3 determinant multiplied by the accompanying sign is known as a cofactor of the 4 × 4 matrix. This result extends to square matrices of any size, and Kirchhoff’s Theorem is that, for a Kirchhoff matrix, each of the these cofactors is the same and equals the number of spanning trees of the associated network. Of course, if our original network is a tree, then the determinant of each of these cofactors is 1, and in this way we have a source of integer matrices with determinant 1.


  Properties of determinants
 The calculations involved in finding determinants can be long, but from a mathematical viewpoint the concept is best thought about through its principal properties, which may now be revealed. For example, since row and column expansions yield the same result, it follows that a square matrix A has the same determinant as its transpose, AT.


The key properties of determinants, however, are intimately connected with the row operations introduced earlier to solve sets of equations. If we multiply a row (or column) by a constant a, then the determinant of the matrix is likewise multiplied by a because of the introduction of this common factor a into each of the terms in the sum. If, on the other hand, we swap two adjacent rows (or columns) of A, this swaps the sign of every term in the determinant sum, and so swaps the sign of |A| overall. Since any two rows may be exchanged by swapping pairs of adjacent rows an odd number of times, it follows that switching  any two rows of a square matrix changes the sign of the determinant. Finally, if we add a multiple of one row to another, the determinant remains the same. This is a crucial property and it stems from the more general fact that if we add an arbitrary row vector r to a row of the matrix A, then the determinant of the new matrix is the sum of det(A) and the determinant of the matrix with that row of A replaced by r. If, however, r is some multiple of a row already in the matrix A, this second matrix is not of full rank and so the second determinant is 0, which is why the operation of adding one row (or any multiple of that row) to another leaves the determinant unchanged.


A function of matrices that has the three properties of the previous paragraph is necessarily the determinant function |A| or a multiple of it, such as 2|A|. If we add the normalizing condition that |I| = 1, then the determinant is the one and only function that has all four properties.


Mathematicians are very fond of results of this kind because proofs often argue from the properties of the subject in question. If you have a concise list of properties that are not only valid but also capture the essence of the subject of your theorem, you should be able to prove your result using only those properties. This leads to good proofs that demonstrate clearly why the theorem in question holds.


For example, in Chapter 7 we gave an intuitive argument as to why |AB| = |A| × |B| by appeal to the fact the determinant represents the area multiplier, or in general the volume multiplier, of a linear transformation. The multiplicative property of the determinant can be explained algebraically, however, by three observations.


From rank considerations, both sides of the equation will be 0 if and only if at least one of matrices A or B is singular. Otherwise, we can factorize A as a product of elementary row matrices. However, by using the properties of the determinant that we have just listed, it is quite simple to show that for each elementary row matrix R, it is the case that |RB| = |R| × |B|. The general result now follows from repeated application of this fact.


In consequence, we note that the determinant of the inverse of a matrix A is the inverse of its determinant, for we have 
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In Chapter 8 we mentioned that a square integer matrix A has an integer matrix for its inverse if and only if |A| = ±1. In one direction, this follows from (37), for it is only possible for both |A| and |A|−1 to be integers if |A| = |A|−1 ±1. That the converse is true follows from applying the following compact formula for the solution of a square n × n equation system Ax = b, that being 
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 where xi is the ith unknown in x and Ai is the matrix that results when the ith column of A is replaced by b.


This rule is named after the French mathematician Gabriel Cramer (1704–52). In particular, taking b to be each of the columns of the identity matrix in turn, the corresponding solution vectors x provide a list of the columns of A−1, and in this way we obtain a method for finding inverses through determinants, which also provides some nice theoretical results as well. In particular, since the determinant of a square integer matrix A is clearly an integer, it follows from Cramer’s Rule that if det(A) = ±1 and A is an integer matrix, then so is its inverse, A−1.


Interestingly, in 2011 Habgood and Arel proved that the number of calculations required to implement Cramer’s Rule is of the same order as that for the standard Jordan–Gaussian elimination method. The number of basic arithmetic operations involved in both approaches is of the order n3. In other words Cramer’s Rule is not just a neat formula; instead, despite involving determinants, the rule can be applied fast enough to solve large equation systems.


  Eigenvalues and eigenvectors
 In Chapter 7 we worked with geometric examples in the plane, but the same ideas apply in higher dimensions. Let us take an example of a linear mapping, L, in three dimensions through using the basis vectors b1 = (1, 0, 0)T, b2 = (0, 1, 0)T and b3 = (0, 0, 1)T. Our linear mapping L permutes the basis vectors in cyclic order, meaning that b1 ↦ b2, b2 ↦ b3 and b3 ↦ b1, and so has as its matrix
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Each of the basis vectors is mapped onto another by rotating about the line x = y = z, and since three applications of A map each basis vector back onto itself, that angle of rotation is 360°/3 = 120°. Moreover, this observation amounts to saying that A3 = I, so that A−1 = A2. This can be seen geometrically as well in that A−1 will effect a rotation of 120° in the opposite sense, which is the same as a rotation of 240° in the original direction, which is of course the effect of the matrix A2.


This example serves to introduce the topic of this section, for consider any point on the axis of rotation with position vector x. Since this point will remain fixed under this rotation, without calculation we infer that Ax = x. We can easily check this directly: the vector x has the form (a, a, a)T and so the previous equation may be verified at once.


In general, for any square matrix A, we say that a non-zero vector x is an eigenvector of A with eigenvalue λ if Ax = λx. In our example, the vector (1, 1, 1) is an eigenvector with eigenvalue 1. (It is easy to see from the definition that any multiple of an eigenvector x will also satisfy the defining equation, a point worth noting from the beginning.) The notion of eigenvector is fundamental throughout all of linear mathematics, as the behaviour of transformations can often be explained very clearly once these directions and the corresponding eigenvalues are known.


However, not all matrices have eigenvectors, for, by definition, an eigenvector x has to be mapped by A onto a multiple λx of itself, which is to say that x and Ax point in the same or in opposing directions, depending on the sign of the eigenvalue λ. For instance, a rotation in the plane about the origin through an angle θ, with 0 < θ < 180°, changes the direction of every vector—no eigenvectors can be found here.


A property of note is that the eigenvalues of A−1 are just the inverses of the eigenvalues of A, and A and A−1 share the corresponding eigenvectors too, for if x is an eigenvector of A with eigenvalue λ ≠ 0 then 
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This last equation also alerts us to the fact that there is a relationship between invertibility of a matrix and its eigenvalues, which turns out to be particularly important. Although we exclude the zero vector as an eigenvector (as A0 = λ0 = 0 for every matrix A and every real number λ, so this tells us nothing in particular about A), we do not prohibit the number 0 from being an eigenvalue. If this were the case, we would have some non-zero vector x such that Ax= 0x = 0. However, if we could multiply both sides of this equation on the left by A−1, we would get A−1 Ax = 0, which gives the contradiction that x = 0 after all. Hence the only matrices that can have 0 as an eigenvalue are singular matrices.


Is the converse true? Suppose that A is singular. Is it the case that we can find a non-zero vector x such that Ax = 0? (Of course we always have the trivial solution x = 0, for any matrix A, but we are after non-trivial ones.)


The answer is ‘yes’. Since A is singular, we know that A does not have full rank and so it will be possible to produce an equivalent system of equations with at least one row of zeros, and since we then have fewer equations than unknowns, we will be able to assign an arbitrary value to some unknown, xi, and solve for the other variables. In particular, A will have eigenvectors with eigenvalue λ = 0.


We will move on to examples to demonstrate this theory shortly, but this special case is the signpost for solving the general eigenproblem for a square n × n matrix A, which is the call to find all scalars λ such that for some non-zero vector x, we have Ax = λx. By writing λx as λIx, where I is the n × n identity matrix, we may write this as a single matrix equation: 
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This reduces the general problem to the one we have just solved, which is always a delight to a mathematician’s eye, for (38) says that λ is an eigenvalue of A if and only if 0 is an eigenvalue of the matrix A − λI, which we know occurs exactly when A − λI is a singular matrix.


Determinants now come into their own, for a square matrix A is singular exactly when its determinant is zero, and so we have the definitive conclusion: the eigenvalues λ of A are the real solutions (if any) to the equation |A − λI| = 0. This equation, known as the characteristic equation of A, is a polynomial equation of degree n in the unknown λ. Notice that the matrix λI is simply a copy of the identity matrix I with λ replacing 1 all the way down the principal diagonal. Hence the matrix A − λI is obtained by subtracting the symbol λ from all the entries of the principal diagonal of A.


Having developed the basic theory, let’s do a typical example: find the eigenvalues and corresponding eigenvectors of the matrix 
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We need to solve the quadratic equation
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 and so our two eigenvalues are λ = −5 and λ = 1. To find the eigenvectors that go with the eigenvalues λ, we need to solve the system of equations Ax = λx ⇔ (A − λI)x = 0. In this example, for λ = −5 we get
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 where we have divided the first row by 7 and the second by −1. The two equations represented by the system have then turned out to be the same, but such redundancy had to appear as the eigenvalues necessarily have the effect of introducing a coefficient matrix that is not of full rank. We see that x will satisfy this system provided that x + y = 0, so that the eigenvectors with eigenvalue λ = −5 are exactly the non-zero vectors of the form (a, − a)T; in particular, (1, −1) is such an eigenvector. Similarly, for λ = 1 the system reduces to the single equation x + 7y = 0, so the associated eigenvectors are all non-zero multiples of x = (7, −1)T.


It is the case, of course, that matrices themselves may satisfy a polynomial equation, and on this topic we shall say but one thing. A square matrix has a unique minimal polynomial, that is to say a monic polynomial of least degree that has the matrix itself as a (matrix) root and which is a factor of every other polynomial with this property. This polynomial is always a factor of the characteristic polynomial and, put in this fashion, we have the Cayley–Hamilton Theorem: any square matrix satisfies its characteristic polynomial. To see this in action, take our current example, whose characteristic polynomial is λ2 + 4λ − 5. To make sense of the constant term we treat 5 as 5I, and by zero we mean the zero matrix of the appropriate size. A routine calculation will now verify that it is indeed the case that A2 + 4A − 5I = 0.


  Similarity and diagonalization
 One big topic in matrix theory concerns the diagonalization of square matrices, which takes on a particularly simple form in the case of an n × n matrix A with n distinct eigenvalues. Explaining this topic allows us to touch on another fundamental idea in linear algebra, which is that of similarity of matrices: two matrices A and B are similar if there is some invertible matrix P such that A = P B P−1. Similar matrices are genuinely similar, in that they represent the same linear transformation of n-space but with respect to different bases. They also share the same determinant, because if A = P−1 B P then 
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And they have common eigenvalues too, for if λ is an eigenvalue of B with eigenvector x then Px is an eigenvector of A with the same eigenvalue: 
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 and we may reverse this line of argument to show that if x is an eigenvector of A then P−1x is an eigenvector of B with the same eigenvalue.


Suppose now that A is an n × n matrix with n distinct, real eigenvalues λ1 < λ1 < … < λn, and let D be the diagonal matrix D = diag(λ1, λ2, …, λn). The matrices A and D are then similar. The matrix P involved in the similarity of the pair of matrices A and D is the one whose jth column is an eigenvector xj for the eigenvalue λj, so that it is natural to write P = [x1|x2|…|xn]. It now follows from a routine calculation that AP = PD or, what is the same, A = PDP−1. (The significance of all the eigenvalues being different from one another is that this ensures that the matrix P is of full rank, and so P−1 exists.)


We finish with an application of this result, that of finding powers of a square matrix. We saw in Chapter 7 in our network example that the taking of powers is an operation that often arises in practical calculations. Indeed, in many mathematical models, a process is represented by the action of a matrix A on a vector of variables. Typically, this process could represent a commercial or a biological cycle of some kind. Iteration of the cycle reveals the long-term evolution of the process, and that corresponds to taking powers of A.


If we can diagonalize the matrix, this is a simple thing to calculate because 
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 where there are k factors on the right. However, within this product, each P−1 is followed by a P, thus giving a factor of P−1P = I, the identity matrix, which can be dropped. Therefore all the internal instances of P−1 and P vanish and the product telescopes to the simpler product PDkP−1. The bonus here is that it is trivial to compute powers of a diagonal matrix, as 

[image: image]. In effect, the k-fold matrix product has been converted into a product of just three matrices.


Negative powers as well are available: 
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The determinant of a diagonal matrix D is just the product of the entries of its principal diagonal. (In fact, this is true of any lower or upper triangular matrix: a lower triangular matrix has only zero entries above its leading diagonal, and an upper triangular matrix has only zeros below). Since similar matrices share the same determinant, we may conclude therefore that the determinant of an n × n matrix with n distinct eigenvalues equals the product of those eigenvalues (a result that holds generally if we allow for complex and repeated roots of the characteristic equation).


An open-ended topic in matrix theory concerns the factorization of matrices. A visit to the Internet will provide a host of examples. The LU (lower–upper) factorization applies to square matrices: A = LU, where L is lower triangular while U is upper triangular. Alternatively, there is also the QR factorization (or decomposition) A = QR, where R is again upper triangular and Q is orthogonal, meaning Q is a square matrix whose inverse equals its transpose, so that QQT = I. The QR Algorithm for the computation of eigenvalues, which is based on the QR decomposition, is one of the most important algorithms in mathematics and was discovered independently by John G. F. Francis in England and the Soviet mathematician Vera Kublanovskaya in 1961. Although with matrix factorization we do not have a theorem that corresponds directly to the prime factorization of integers, the fact that the action of a matrix may be split into the action of two or more matrices with special properties is useful in a wide variety of applications.


 
Chapter 10
 Vector spaces
  More on abelian groups
 This chapter features the algebra of vector spaces, which are abelian groups with an additional scalar multiplication by a field. By way of preamble, we look again at certain aspects of abelian groups.


One example type that we met in Chapter 6 was that of the cyclic group, (ℤn, +). We can generate another abelian group by placing two or more cyclic groups in parallel in the following fashion. Consider all pairs of the form (i, j) where i and j are drawn from the cyclic groups ℤm and ℤn, respectively: this set is written as G = ℤm × ℤn, and we go on to define an addition on this direct product by adding components separately, with the first entry operating modulo m and the second modulo n. This gives a new abelian group with m × n members in all.


The simplest example is when m = n = 2, for then G has 2 × 2 = 4 members, and G = {(0, 0), (1, 0), (0, 1), (1, 1)}. An example of an addition is (0, 1) + (1, 1) = (1, 0), as for the second entry we get 1 + 1 ≡ 0 (mod 2). It is simple to check that (0, 0) is the identity element and that for this particular group G, each member is self-inverse. Furthermore, the sum of any two distinct non-zero members of G is equal to the third.


It turns out that these are the only finite commutative groups: every finite abelian group is a direct product of cyclic groups, although in general we have to allow for more than two cyclic groups in the product. There is a pair of structure theorems for finite abelian groups. Any finite abelian group can be represented in one of two special ways based on numerical relationships between the subscripts of the cyclic groups involved. In one representation, we make all the subscripts powers of primes, in the alternative, we make each subscript a divisor of its successor. In this way we may decide when two finite abelian groups are isomorphic, which is to say essentially the same, by checking whether or not their representations are identical when they are presented in either of these two ways.


For example, G = ℤ2 × ℤ2 and H = ℤ4 each have four members, but they are not two copies of the same abelian group for, as we have already seen, each member of G is its own inverse but that is not the case for the cyclic group H, as, for instance, 1 + 1 = 2 ≢ 0 (mod 4). In contrast, G = ℤ2 × ℤ3 is isomorphic to ℤ6 as G is cyclically generated by the pair (1, 1): by successively adding (1, 1) to itself, we obtain in turn all six members of G, namely (1, 1), (0, 2), (1, 0), (0, 1), (1, 2), (0, 0), and so G and H both represent a 6-cycle.


In general, ℤm × ℤn is isomorphic to ℤmn if m and n are relatively prime, but not otherwise. This is a modern interpretation of what is called the Chinese Remainder Theorem, which says that the system of two (or more) simultaneous congruences in relatively prime moduli of the form x ≡ a (mod m) and x ≡ b (mod n) has a unique solution modulo mn.


In the classical texts, a typical problem might ask for the smallest number that leaves a remainder of 1 when divided by 4 and 8 when divided by 9. This in effect asks for the member n of ℤ36 that corresponds to (1, 8) in ℤ4 × ℤ9. Since n ≡ 1 (mod 4), we may put n = 1 + 4t. We also require that n ≡ 8 (mod 9), and so we substitute accordingly into this second congruence to obtain
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 and so we arrive at n = 1 + 4t = 1 + 4 × 4 = 17. This is indeed the solution as in ℤ4 × ℤ9 we see that 17(1, 1) = (1, 8).


  Vector spaces
 Vector spaces are often the first type of axiomatically defined algebra with which university students are presented. The notion was formally defined in 1888 by Giuseppe Peano (1858–1932) of Turin and became central to mainstream mathematics from around 1920. Peano himself was led by the earlier efforts of the German scholar Hermann Grassmann (1809–77).


Vector spaces form the backdrop of linear mathematics, which underpins not only applied algebra but also aspects of the mathematics of the continuous. In short, once on the lookout for vector spaces you discover that they are common throughout mathematics. They are also a good place to learn how to frame abstract algebraic arguments, partly because there are natural examples to call upon that are already within a student’s experience, but also because many of the important proofs are quite simple.


A vector space (V, +) is first and foremost an abelian group. Often, but not always, V is an infinite group and the prototypes are the abelian groups ℝ2 = ℝ × ℝ, ℝ3, and more generally ℝn, which consists of n-tuples (a1, a2, …, an) of real numbers, added by components (vector addition, which is just a special case of matrix addition). These vectors can themselves be multiplied by scalars, which are typically members of the field ℝ. This is the second aspect of vector spaces: for each there is an associated field of scalars, F, and vectors u, v may be multiplied by scalars a, b to produce another vector, subject to the following laws, which are kinds of mixed associativity and distributivity laws, all of which we have seen in (28) when considering matrix multiplication by scalars: 
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In addition, we need to insist that 1v = v. This is not a consequence of the other laws: without it we could for example have av = 0 for every scalar a and vector v, and our scalar multiplication laws would all hold, albeit in a trivial way.


Given these rules we may, in a similar fashion to the rule about zero multiplication in Chapter 2, deduce that 0v = 0 (the zero on the left is the zero of the scalar field and that on the right the 0 of V). From this we may deduce further that −1v = −v as follows:
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 where the final conclusion invokes the uniqueness of inverses in a group. Note also that along the way we did indeed call upon the axiom that 1v = v.


Certainly ℝn satisfies the requirements of a vector space, but to find another less obvious example we look to the solution set S of a set of simultaneous equations, which we write in matrix form as Ax = 0. Let us assume that x consists of n unknowns so that S is a subset of ℝn, and since we have a homogeneous system, meaning that the RHS is zero, we know that S contains at least the solution x = 0. However, S may contain more solutions: if we look at the 2 × 3 system (9) that arose in the Lincoln Fair problem of Chapter 3, we find that there is a single infinity of solutions to that system in that one variable can be freely assigned any value and the remaining two variables may then be expressed in terms of the free variable.


Moreover, the solution set S is a vector space in its own right. There is certainly no trouble about S satisfying the equational vector space axioms, as these properties are all known to hold in the larger vector space ℝn. What needs to be looked at, however, is whether or not S is closed under the vector space operations of addition and scalar multiplication (and that S is not empty, which we have already checked).


We can do this in one action by verifying an equivalent criterion, that being that S is closed under the taking of linear combinations, meaning that for all scalars, a and b, and all members u, v of S, au + bv is also in S. But this follows at once by standard properties of matrices: 
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 and so the solution set S of a homogeneous system of equations in ℝn is a subspace of ℝn.


This has consequences for the more general system Ax = b, for if a is any particular solution of this latter system, so that Aa = b, then the totality of all solutions is given by S + a, meaning that if x lies in S then x + a is a solution to Ax = b (which follows at once, as then A(x + a) =Ax + Aa = 0 + b = b), and that every solution c to the general system has this form. To see, just note that x = c − a solves Ax = 0, as 
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 hence x is in S, and so the typical solution c = x + a does indeed lie in S + a.


This approach of expressing the general solution to a system of equations as a translate of the solutions of a homogeneous system that forms a subspace of a related vector space is also applicable to quite different kinds of equations, including the systems of so-called linear differential equations that typically arise in mathematical models of moving physical systems.


As has already been touched upon, the ‘dimension’ of the solution set for our pair of simultaneous equations from our Lincoln Fair problem is 1, in that there is one degree of freedom on offer when specifying a particular trio of numbers that satisfy both equations. This leads us to the question as to what we mean by the dimension of a vector space.


If we take any subset A of a vector space V, then the collection U of all possible linear combinations of members of A is itself a subspace of V, as U is closed under the taking of linear combinations. Since any subspace that contains A necessarily contains all such linear combinations, it follows that U is the smallest subspace of V that contains A: we say that U is the subspace generated by A and that A is a spanning set for the subspace U.


Next, a subset I = {u1, u2, …, uk} of V is called independent if no member of I is a linear combination of other members of I. An equivalent definition is that 
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This does say the same thing—if the condition of this definition is violated, then some ai ≠ 0 and we may then make ui the subject of the equation on the left, while conversely, if ui is a linear combination of other vectors from I, then taking all terms to the LHS gives a linear combination that is equal to 0 yet the coefficient of ui equal to 1 (and so ai = 1 ≠ 0).


The definition (39) may seem a more technical formulation of the idea of independence but, because it is framed in terms of equations, it lends itself to algebraic manipulation and so is useful in mathematical argument. Furthermore, the condition that some ui is a linear combination of the other vectors does not imply that every vector in the list is a linear combination of the others: for a simple example in ℝ2 that makes this point, we may take u1 = (0, 0) and u2 = (1, 0). Then u1 = 0u2, so that the set {u1, u2} is not independent, but u2 is not a multiple of u1.


The importance of independent sets lies in the fact that they can be used to coordinatize vector spaces, for suppose that I is independent and U is the subspace of V generated by I. Then I is both independent and a spanning set for U, and as such is known as a basis for the vector space U. Any member u of U can of course be written as a linear combination of the members of I because I spans U but, crucially, that linear combination is unique, for suppose we had two such representations: 
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Then, by subtraction, we obtain 




[image: image]


 and since I is independent, this implies from our definition (39) that all these coefficients equal zero, which is just to say that a1 = b1, a2 = b2, …, ak = bk. Therefore the representation of u in terms of the members of I is unique.


This coordinatization allows us to identify u with the corresponding list of coordinates (a1, a2, … ak), and the associated mapping is an isomorphism of U onto the vector space Fk, where F is the scalar field of multipliers of our vector space V. That is to say, regarded as a vector space, U is just a copy of Fk.


A vector space generally possesses lots of bases. When dealing with ℝ3, for instance, we have favoured the standard basis, b1 = (1, 0, 0), b2 = (0, 1, 0), b3 = (0, 0, 1). This trio of vectors has the additional nice properties of all being of length 1, and each being perpendicular to the other two. However, any three vectors in ℝ3 form a basis for ℝ3 as long as none is a linear combination of the others, which amounts to saying that the corresponding position vectors do not all lie in the one plane. Particular problems sometimes may be simplified using bases other than the standard basis, such as those involving eigenvectors of the associated matrix.


It is the case, however, that every vector space possesses a basis and that any two bases have the same size. This common size is called the dimension of the vector space. Some vector spaces are, however, infinite-dimensional. For example, the collection of all polynomials with real coefficients form a vector space under polynomial addition, and a natural basis here is the list of all powers of x, i.e. 1, x, x2, … xn, …, which is clearly infinite in extent.


The proof that all bases of a vector space V have a common size depends on what is known as the Exchange Lemma, which has as a consequence that any independent set I of V is never larger in size than any spanning set S of V. If we then have two bases of V, B1 and B2, then B1 is no larger than B2, as B1 is independent and B2 spans V, and, by the same reasoning, B2 is no larger than B1. Therefore the two bases must have the same size, the dimension of V.


Another significant consequence of the Exchange Lemma is that every independent set I of V may be extended to a basis B of V, meaning that B contains I as a subset. In particular, a basis I of a subspace U of a vector space V can be extended to a full basis B of V. It follows from this that the dimension of a subpace is always less than or equal to that of the containing vector space V, and indeed we can only have equality in their dimensions if U = V.


Many important facts about matrices can be proved by applying these ideas to the row space and the column space of an m × n matrix A, which are the respective subspaces of ℝn and ℝm spanned by the rows of A and the columns of A. In particular, it can be proved that the row rank and column rank have a common value, which is therefore called the rank of A, and that for any matrix product AB, rank(AB) ≤ rank(A).


  Finite fields
 In this final section, we bring together the ideas of modular arithmetic, the construction of the complex numbers, factorization of polynomials, and vector spaces to explain the existence of finite fields, closing the discussion with a concrete example. We have already noted that the commutative ring (ℤp, +, ⋅), where p is prime, is indeed a field of p elements. There are finite fields, however, that are not of this simple type. Nonetheless, the field laws coupled with finiteness impose a great deal of restriction on the structure of any finite field, which is why there are so few of them. Indeed, for every prime number p and positive integer n, there is, up to isomorphism, just one finite field with pn members, and there are no others.


The highly structured nature of finite fields has allowed many applications not only to problems in algebra but also to modern cryptography, where the difficulty of the so-called discrete logarithm problem in finite fields or in elliptic curves is the basis of common protocols, such as the Diffie–Hellman protocol. In coding theory, many codes are constructed as subspaces of vector spaces over finite fields. In pure number theory, the famous proof by Sir Andrew Wiles of Fermat’s Last Theorem involved a host of sophisticated mathematical tools, finite field theory being among them. Let us look at how this delicate structure comes about.


A finite field, is firstly, a finite abelian group (F, +), and from this it can be deduced that there is a least positive integer, p, such that for every member a of F we get pa = a + a + … + a = 0 (where there are p instances of a in the sum). What is more, it can be shown that p is itself a prime and, indeed, F has a copy of the field (ℤp, +, ⋅) embedded within it. If we use the number 1 to denote the multiplicative identity of F, then this prime subfield of F, can be written as ℤp = {0, 1, 2, …, p − 1}.


We may now note further that F is a vector space over its prime subfield (the axioms hold through F being a field) and so F has a basis B, of let us say n elements. Each member of F can then be written uniquely as a linear combination of the n members of B, giving a total of pn elements of F. To reiterate, any finite field has pn elements for some prime p and some positive integer n.


Both (F, +) and (F\{0}, ⋅) are finite abelian groups. The additive group of F is simply the direct product of n copies of ℤp. The multiplicative group is even simpler, being the cyclic group ℤq, where q = pn − 1 (of course, 0 is not a member of this group). This can be proved through use of the structure theorems for finite abelian groups mentioned in the first section of this chapter, and by analysis of the roots of a polynomial equation of the form xm = 1, as there is a common power m of all the non-zero members of F that gives 1. The finite field with pn elements is the smallest field in which the polynomial 

[image: image] has pn distinct roots.


As an example, we construct the finite field F9, with 32 = 9 elements. By the comments above, the prime subfield of F9 will be ℤ3 = {0, 1, 2} under addition and multiplication modulo 3. In this field, we have of course that 2 = −1, for 1 + 2 = 3 ≡ 0 (mod 3). We now note that ℤ3 lacks a square root of −1, for 02 = 0, 12 = 1, and 22 = 4 ≡ 1 (mod 3). In a manner reminiscent of the way in which we constructed the field of complex numbers, we remedy this situation by introducing a new symbol, α, endowed with the property that α2 = −1, and adopt α as a member of F9. This leads to the analogue of the complex numbers over the field ℤ3, giving us 32 = 9 ‘complex’ numbers, those being the nine formal sums a + bα, where a and b are members of ℤ3. We now combine them according to the field laws, making use of the equation α2 = −1 = 2 whenever powers of α arise.


The addition table of F9 is that of ℤ3 × ℤ3: for example, 


 Table 2. Product table for the eight non-zero members of the nine-element field.




[image: Table_Image] 


[image: image]


The multiplication table is more interesting, but is now easily compiled, if we remember to replace each instance of α2 by −1 (or 2) as we proceed. The multiplicative group of non-zero members of F9 is as shown in Table 2.


Sample calculations:




[image: image]


Being a group table, Table 2 has the Latin square property, in that each symbol of the group appears exactly once in each row and each column of the body of the table. Being an abelian group table, it is symmetric with respect to reflection in the principal diagonal of the table. In accord with our description above, this group is the cyclic group ℤ8, having, for example, 1 + α as a generator, meaning that the eight powers of 1 + α comprise the entire group:




[image: image]


And with this, one of the prettiest of multiplication tables, we end our book.





Further reading
 
This book provides no more than a rapid and skeletal introduction to modern algebra. To put further flesh on the bones requires more familiarity with other aspects of mathematics, particularly calculus, for the development of algebra has not taken place in a vacuum. For instance, matrix algebra is central to the calculus of several variables, and familiarity with one develops comprehension of the other. Indeed, whole areas of mathematics, such as topology, have an algebraic side to them.

For a careful and thorough introduction to algebra, the reader may go to any textbook with a title along the lines of ‘Introduction to Abstract/Modern Algebra’. Books on discrete mathematics will also involve algebra in a substantial way, while focusing on applications to networks. Before that, however, the reader may be advised to learn more about linear algebra as, along with calculus, the algebra of matrices lies at the core of advanced mathematics. Moreover, an introduction to vector spaces, which arises through abstraction from linear algebra, is perhaps the gentlest introduction to abstract algebra. Group theory does indeed lie at the heart of contemporary algebra, but the theory of groups can be a difficult topic unless the student has some prior experience of working with more concrete algebraic types.

An online search for algebra books will immediately yield plenty of examples, and it is not hard to tell the difference between those that focus on school algebra of the kind read in the first four chapters of this VSI and those designed for university work. For those reasons, I will not make a list here of the many excellent books on modern algebra.

However, if the reader would like to learn more on the human side of the subject, there is for example Taming the Unknown: A History of Algebra from Antiquity to the Early Twentieth Century by Victor J. Katz and Karen Hunger Parshall (Princeton: Princeton University Press 2014). A nice historical introduction to complex numbers is An Imaginary Tale: The Story of [image: image] by Paul J. Nahin (Princeton: Princeton University Press 2010). I also make special mention of the book Abel’s Proof: An Essay on the Sources and Meaning of Mathematical Unsolvability by Peter Pesic (Cambridge MA: MIT Press 2004). This is not an algebra text but it does take the reader through the history of the unsolvability of the quintic and, in detail, explains the original proof of Ruffini and Abel as opposed to that provided through Galois theory, which is the basis of the modern theory of polynomial equations.
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